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A differential geometric description of crystals with continuous distributions of lattice defects and undergoing potentially
large deformations is presented. This description is specialized to describe discrete defects, i.e., singular defect distribu-
tions. Three isolated defects are considered in detail: the screw dislocation, the wedge disclination, and the point defect.
New analytical solutions are obtained for elastic fields of these defects in isotropic solids of finite extent, whereby terms
up to second order in strain, involving elastic constants up to third order, are retained in the stress components. The strain
measure used in the nonlinear elastic potential — a symmetric function, expressed in material coordinates, of the inverse
deformation gradient — differs from that used in previous solutions for crystal defects, and is thought to provide a more re-
alistic depiction of mechanics of large deformation than previous theory involving third-order Lagrangian elastic constants
and the Green strain tensor. For the screw dislocation and wedge disclination, effects of core pressure and/or possible con-
traction along the defect line are considered, and radial displacement contributions arise that are absent in the linear elastic
solution, affecting dilatation. Stress components are shown to differ from those of linear elastic solutions near defect cores.
Volume change from point defects is strongly affected by elastic nonlinearity.

© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Analysis of defects in deformable crystals has been a principal application of differential geometric methods to continuum
mechanics of solids since the mid twentieth century. The earliest works linking continuous distributions of dislocations to
geometric concepts are often attributed to Kondo, Bilby, Kroner, and co-workers [8,49,51]. Accompanying such works were
development of a multiplicative decomposition of the deformation gradient [10, 51] into lattice deformation, perhaps more
often termed “elastic” deformation, and that due to dislocation glide, perhaps more often termed “plastic” deformation,
and a linear connection with vanishing curvature whose torsion can be related to the dislocation density tensor [8,49,51].
These theories established a mathematical foundation for kinematics of finite deformation plasticity theory developed in
subsequent decades [6,37,55,75,80].

Early geometric continuum theories admitting distributions of more general kinds of defects, including disclinations
and point defects such as vacancies, substitutional atoms, or interstitial atoms [4, 5,9, 51, 60] were introduced soon after
dislocation theories. In some such descriptions [9, 50, 51] additional terms are incorporated multiplicatively into the de-
formation gradient to represent contributions of particular mechanisms distinct from dislocation slip (e.g., dilatation from
point defects). The linear connection describing geometry of the defective crystal lattice may have curvature that can be re-
lated to disclination density and non-metricity that can be related to inhomogeneous distributions of point defects. General
and rigorous geometric analyses of heterogeneous bodies undergoing finite incompatible deformation appeared around the
same time [12, 64, 88].

More recent works have sought to extend or even reformulate continuum field theories of defective crystals applicable
to the finite strain regime. Several works particularly relevant to developments in this paper are mentioned in what follows;
a review of historic and more recent literature is beyond the present scope but can be found in [77]. In [1], an elastic-
plastic dislocation field theory was developed that reduces to nonlinear elastic theory of distributed dislocations [91] in
the time-independent limit. Gauge field theory has been applied to describe lattice defects [34, 53, 58], including single
dislocations and dislocation distributions. Dislocations, disclinations, and point defects have recently been analyzed in
theoretical frameworks incorporating Cartan’s moving frames [92-94]. Continuum dislocation theory has also been applied
to shells undergoing finite deformation [3,96].

* Corresponding author E-mail: jdclayt1 @verizon.net, Phone: +1410278 6146, Fax: +1410278 2460
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In [19], a kinematic description was developed that accounts for simultaneous existence of dislocations, disclinations,
and point defects. This treatment extended previous theory [5,51,60] by including statistically stored defects [i.e., disloca-
tions (disclinations) with no net Burgers (Frank) vector] and incorporating a third term in the multiplicative decomposition
associated with residual lattice deformation remaining in an element of material upon stress release, induced by microscopic
elastic fields of defects within. Further developments on the origin of this third term in dislocated or twinned single crystals
and polycrystals are reported in [13, 17,22-24]. Thermodynamics and balance laws for a micropolar medium with disloca-
tions and disclinations were developed in [25], and the geometric treatment was extended to dielectric solids with mobile
vacancies and disclinations associated with domain walls [21]. Further derivations of fundamental geometric relations and
potential applications in modern crystal plasticity theory are reported in the monograph [14].

In this paper a general theory for continuous defect distributions is presented first and then specialized to isolated defects
in the Eulerian setting, differing from works by Kroner and Seeger [52] and Willis [91] that dealt only with dislocations in
the Lagrangian setting. For elastic bodies containing dislocations, disclinations, and point defects, some parallels between
continuous and discrete defect theories were noted by De Wit [31,32], albeit restricted to linear theory, i.e., small deforma-
tion. Nonlinear theory developed in the present work extends [31,32] by associating certain singular part(s) of total finite
distortion with inelastic deformation due to isolated defects, making use of generalized functions [39] to address singular
quantities.

Linear elasticity is typically deemed sufficient for representing elastic fields beyond some distance from the core of the
defect. For defect densities that are not too large, the mean spacing between defects is great enough that stress fields can
be addressed using linear elastic solutions. However, close to the core, strain component(s) from linear elastic solutions are
quite large, rendering the linear analysis inaccurate [38, 81]. Furthermore, some physical features apparent in experiments
and atomic simulation such as residual lattice dilatation [44,76,95] and phonon scattering [71] cannot be predicted by linear
theory, but can be predicted using nonlinear elasticity.

Analytical solutions to nonlinear boundary value problems for crystals with individual defects can be considered rela-
tively scarce relative to abundant linear elastic solutions. Exact analytical solutions appear to exist only for solids described
by strain energy potentials that may be physically unrealistic for real crystals. Exact closed-form solutions can be obtained
for incompressible elasticity, as has been demonstrated for the screw dislocation [1,69,92,96]. It has been noted [38] that
displacement fields of a screw dislocation and a wedge disclination are a subset of a larger family of controllable deforma-
tions for which universal solutions exist in incompressible isotropic elastostatics [89]. Incompressible constitutive models,
by definition, cannot address residual elastic dilatation and hence are not physically realistic in this regard. Analytical so-
Iutions for wedge disclinations and point defects have been reported for materials obeying incompressible neo-Hookean
elasticity [93,94]. For compressible solids, several exact analytical solutions for dislocation and disclination configurations
have been derived using finite strain measures [33, 96, 97], but the semi-linear energy potential used in these analyses may
not address fully nonlinear behavior in typical crystalline metals and minerals. In particular, this semi-linear potential de-
pends on only two elastic constants rather than the usual five for a second-order nonlinear hyperelastic and isotropic solid.
An exact solution has also been derived for the screw dislocation in an isotropic solid with a nonlinear elastic potential
depending on the small strain tensor [46].

Approximate analytical solutions have been found for solids obeying more physically realistic strain energy potentials.
In such approaches, a nonlinear elastic potential is invoked, but higher-order products of displacement gradients entering
the stress field are truncated above a certain order. The qualifier “second-order” is used here to denote an elasticity solution
wherein stress depends quadratically on strain, with the elastic potential cubic in strain and including elastic constants of
up to order three. A “first-order” solution denotes a linear stress-strain response and a quadratic elastic potential, i.e., usual
linear elasticity.

Kroner and colleagues [52,67] instituted a geometric stress function method for obtaining second-order accurate solu-
tions for isotropic dislocated bodies obeying Murnaghan’s Eulerian elastic potential [61]. Stress fields were reported for
dislocations in infinite bodies and in finite bodies with stress-free cores, for singular densities of edge and screw dislo-
cations; this solution technique explicitly yields stresses but not displacements. Seeger and Mann [72] derived a solution
for the screw dislocation with a hollow (stress-free) core using an isotropic second-order Lagrangian analysis, i.e., strain
energy potential in terms of Green strain with up to third-order elastic constants. Willis [91] formulated an iterative pro-
cedure involving Green’s functions for infinite anisotropic bodies with dislocations, but did not address core boundary
conditions. An approximate solution for an edge dislocation in an infinite medium obeying isotropic Lagrangian elasticity
was reported [48], following general techniques for analysis of planar second-order nonlinear elastic problems [2]. Teodo-
siu and So6s [81,82] formalized a general iterative procedure' for analysis of dislocations in nonlinear elasticity, similar to
those implemented in [38,72,73,91], demonstrating certain uniqueness properties of first- and second-order solutions. A

! Such iterative methods for solution of nonlinear elastic problems were apparently first reported by Signorini [74] and were applied intuitively to a
number of problems by Murnaghan [62].
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second-order solution for the isolated screw dislocation in a finite cylinder with core pressure was derived in [81], incorpo-
rating Eulerian coordinates and the Lagrangian energy potential mentioned above. Advantages of Eulerian coordinates over
Lagrangian coordinates have been discussed [83]. More recently, gauge theory was used to obtain a second-order solution
for a screw dislocation in isotropic Eulerian elasticity [58].

For an isolated wedge disclination, a solution incorporating both Eulerian coordinates and Murnaghan’s Eulerian poten-
tial was derived [68, 86], but core pressure was not addressed. For an isolated point defect, Seeger and Mann [72] extended
the approximate second-order Lagrangian analysis of Murnaghan [62], who treated a thick spherical shell with pressurized
interior and exterior boundaries. In this work [72], both the defect and medium were treated as elastic bodies with po-
tentially different second- and third-order elastic constants; see also [57] that addresses related nonlinear elastic problems
including interactions among spherical inclusions.

As inferred from above, second-order solutions involve elastic constants of orders two and three. These approximate
solutions are usually justified by the limitation that complete elastic constants of order four have rarely been available
for real materials, and solutions of higher order would require knowledge of fourth-order constants. Possible relationships
between fourth-order constants and geometric features of the edge dislocation core have been noted [47]. Longitudinal
fourth-order constants can be inferred from shock compression data [16], and Density Functional Theory (DFT) can used to
predict fourth-order constants [63], though accuracy of such predictions is uncertain. Regardless, when strains become large
enough that third-order elastic constants are insufficient, it becomes prudent to study core fields using atomic simulation
[20, 26,27, 76] rather than traditional continuum elasticity. Nonlocal, strain gradient, and/or gauge theories [53, 58] of
continua may also enable a physically realistic description (e.g., smoothed or non-singular) of defect cores. Second-order
solutions derived later in this work are intended for regimes and materials where a third-order elastic potential is accurate
and exclude the (singular) defect core. Higher-order gradients of deformation (e.g., as treated in a general constitutive
formalism in [79]) are not incorporated in the elastic potential used here.

Previous second-order elastic analyses of lattice defects mentioned above have either used a Green Lagrangian elastic
potential W (E) [14,62,87] or Murnaghan’s Eulerian potential W (e) [61], the latter restricted to isotropic solids. [Precisely,
letting F' denote the two-point deformation gradient tensor, Green strain is E = %(FTF — 1) and Almansi strain is

1

e = 5(1- F~TF~1).] In contrast, new nonlinear elastic solutions derived in the present work incorporate the less

often encountered Eulerian strain energy potential W(D) where D = %(1 — F'F~1). Symmetric tensor D is termed
an “Eulerian” strain in material coordinates [28], is invariant under rigid rotations of the spatial coordinate frame, and
was introduced by Thomsen [85] and soon thereafter Davies [29] for describing the nonlinear thermoelastic response of
pressurized cubic crystals. Unlike W, potential W can be applied to anisotropic solids [66,90]. This model has demonstrated
greater intrinsic stability [43] at large shear and compression than usual Lagrangian elasticity incorporating W that tends
towards instability at large uniaxial compression [16]. It is also more accurate for addressing the response of most crystalline
solids under hydrostatic compression, whereby at second order it degenerates to the Birch-Murnaghan equation-of-state
[11,84] for cubic crystals and isotropic media. In contrast, second-order Lagrangian theory tends to underestimate pressure
at large compression [45]. Improved accuracy of W over W for describing hydrostatic compression of lower symmetry
crystals has been reported [66, 90]. The nonlinear elastic response of diamond under finite strain predicted by DFT [63]
is also better represented by Eulerian elasticity incorporating W than Lagrangian elasticity incorporating W, with elastic
constants of up to order four considered in each representation. Recent analysis [16] has empirically demonstrated other
advantages of Eulerian theory (based on W) over Lagrangian theory for homogeneous static compression and homogeneous
shear of representative cubic or isotropic solids with Cauchy symmetry of third-order elastic constants. For crystals of lower
symmetry (e.g., quartz and sapphire) subjected to uniaxial shock compression, advantages of Eulerian over Lagrangian
theory were less evident. Solutions derived later in the present paper are the first known for dislocations, disclinations, and
point defects incorporating elastic potential W (D).

Eulerian potential W(D) is used to obtain new second-order analytical solutions to three discrete defect problems in
the present paper, which is structured as follows. In Sect. 2, continuum defect theory is concisely reviewed, refining certain
aspects of earlier work [14, 19]. In Sect. 3, the screw dislocation is analyzed. In Sect. 4, the wedge disclination is analyzed.
In Sect. 5, the point defect is analyzed. For each kind of defect, it is shown how continuum field theory with a multiplicative
decomposition of the deformation gradient and additive decomposition of a linear connection can be applied to the limiting
case of a singular defect density. A second-order elastic analysis is used in each case, with solutions expressed in Eulerian
coordinates. For the dislocation and disclination, core pressure is included. All three solutions are believed to be new.
Representative calculations demonstrate differences between nonlinear and linear elastic solutions. Conclusions follow in
Sect. 6. Appendices A and B provide supporting discussion on finite deformation in cylindrical and spherical coordinate
systems used in the derivations, while Appendix C describes nonlinear elastic potentials and associated second- and third-
order elastic constants and clarifies differences among several nonlinear elastic theories. Direct tensor notation [64,78] and
coordinate notation of tensor calculus [36,70,77] are used interchangeably as needed.

(© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.zamm-journal.org
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2 Continuous defect distributions

2.1 General continuum theory

Consider a solid body whose unstressed reference configuration B, is perfectly crystalline and simply connected. At some
time ¢, this body in its current configuration representation 8 may contain defects and may support stresses, both residual
and due to externally applied traction. Deformed body ‘B is assumed to remain simply connected in the continuum theory,
and defects are characterized by spatially continuous density functions. A local volume element is associated with a material
particle at position X in three-dimensional Euclidean space and is mapped to position @ at time ¢. This element may contain
a number of defects such as dislocations, the product of whose number and Burgers vector remains finite [91].

Henceforth attention is restricted to a deformed configuration at a single time ¢, such that the description becomes time-
independent. Let { X“ } and {z“} denote coordinate charts covering B, and B, respectively. The following one-to-one and
presumably three times differentiable functions exist:

x=xz(X), X = X(x). 2.1
Letting 04 (-) = 0(-)/0X 4 and 0, (-) = O(-)/0x,, natural basis vectors are

GA(X)=0:4X, gu(z)=d,m. 2.2)
The deformation gradient and its inverse are

F=08,,x®G", F'=9,X®4", (2.3)
where, with G4 5 (X)) and g, () referential and spatial metric tensor components,

Gi=GipG"” = (G4 -Gp)G”,  gi=gug" = (9. a)g". (2.4)
In component form,

Go=0aat,  FTlL=0,X0 2.5)

Conventional gradient operators on ‘B, and ‘B are denoted by V; and V. For example, letting V" and v denote material and
spatial vector fields, covariant derivatives are

VoV =33V @GP = (0pV* + T3 VG @ GP, (2.6)

Vo =0dv®g" = (90" + Vi v) g, ® g, 2.7
where Levi-Civita connection coefficients

Tyt = $GAP(0pGep +0cGpp — 0pGre), Vit = 9“1 (049ea + Oegra — Dagse)- (2.8)

From the properties of mappings in (2.1) and presumed positivity of local volume elements in ‘B and ‘B in right-handed
coordinate systems, restrictions det F' > 0 and det F~! > 0 emerge. Since {X*} and {2} are holonomic, 94[05 (-)] =
O[04 ()] and 0,[0,(-)] = 9[0.(+)], and since the body is embedded in Euclidean space, Riemann-Christoffel curvature
tensors constructed from (2.8) vanish identically. From (2.5) and symmetry of connection coefficients in (2.8), the following
local compatibility (i.e., null curl) conditions apply:

Vo x F =0, Vx (F')=o. (2.9)
For defective crystals a multiplicative decomposition of F is invoked [10, 14,51]:
F=F"'F", oW o=FLe FPe . (2.10)

Lattice deformation F'“ accounts for elastic stretch (recoverable and/or residual) and rotation; plastic deformation F*
accounts for slip from dislocations that preserves the lattice structure [9,10]. Both fields are assumed invertible, with positive
determinants, and at least twice differentiable with respect to X 4 and z°. Neither, however, is necessarily integrable to a
motion nor satisfies conditions analogous to (2.9); i.e., lattice and plastic deformation tensors are generally anholonomic.
Thus, the intermediate configuration B of the body implied by (2.10) cannot be embedded in three-dimensional Euclidean
space [15,41]. Letting {g, } denote a generally non-coordinate basis, with reciprocal basis {g* },

Ft=F'" g, ®¢%, F°'=F'g,®G". (2.11)

www.zamm-journal.org © 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Introduced at each point X € 9B is a triad of undeformed lattice director vectors {d 4} and their reciprocals {d"},
such that (d*,dp) = 5§ with (-, -) a scalar product. Referential director vectors are orthonormal: d4 - dg = d4p and
dy = 0,3dP. In crystal structures with cubic, tetragonal, or orthorhombic symmetry, a referential lattice vector can be
assigned parallel to each edge of the unit cell. Also introduced at each & € 9B is a triad of deformed lattice directors {d, }
and their reciprocals {d" }, such that (d", d;) = ;. Deformed director vectors are generally neither orthogonal nor of unit
length:

d* =Fte 65d*, d,=F-'%61d,. (2.12)
The metric tensor associated with the deformed lattice is

d=(d,-dy)g"®g"=F-"TF- " (2.13)
In components, this metric and its inverse are

dy = F¥71 5,5 P20 @t = e 500 F? (2.14)
leading to

d, =dyd’,  d'=d"d,. (2.15)
Components of lattice deformation can be inferred from scalar products of referential and deformed directors:

Fto, =(d"da)oy,  F', = (d,,d")d, (2.16)
and if a coordinate frame on 9B is chosen parallel to the reference lattice such that {g, } — {d6/},

F'=g,®d', F-'=d,eg" (2.17)

In the continuum field theory of defects, the geometry of the (possibly defective) crystal lattice is characterized by
covariant derivatives of the spatial lattice director fields, defined as [14, 19, 60]

Vid, = 8yd, —Tid.,  Vyd® = 9yd® +T30d°. (2.18)

A complete description of the deformed lattice is given by the fields {d, } and { Vd, }, where a = 1,2, 3. From (2.16)
and (2.18), this description is furnished by knowledge of the fields F™ (up to 9 components) and I (up to 27 components)
which are available at each point & € ‘B, or equivalently at each point X € 9B since « and X are one-to-one in (2.1).
An additive decomposition of connection coefficients associated with @, assumed at least once differentiable over B, is
invoked [14,19,60]:

Iyt =Th + Qe (2.19)

Coefficients T are spatial representations of those of the usual non-Riemmannian connection of dislocation field theory,
referred to as a “crystal connection” [54] in the context of nonlinear elastoplasticity or an example of a “Weitzenbock”
connection in differential geometry [53,92]:

Iyt =rFte gF-—1o = —pt-le g Fte . (2.20)
The torsion tensor of (2.19) is
T =159 ©g ®g., Tt = 505 —Tu) = FX2, 0, F"' + Qe (2.21)

where indices in square brackets are skew. Verification is straightforward that the Riemann-Christoffel curvature tensor
from (2.20) vanishes identically, meaning this connection is flat or integrable:

R=200,T + T, Ti)g’ @ g° ® g’ © g,

=2F" 0,0, F-""¢g' ®g° ® g’ ® g, = 0. (2.22)

(© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.zamm-journal.org
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Indices in vertical bars are excluded from (anti)symmetry operations. The curvature tensor of (2.19) is [14,70]

R =200, + Tyl e’ ©9° @ 9" @ g0
= 2(Vp Qi + T3 Qri + Qi Qi )g” © g° @ g' @ g, (2.23)
where
Vi@ = 0Qz + Ui Qi — T Qi — Ty Qe (224)
Nonmetricity of connection (2.19) is

Veday = 0edyy — Titdye — Tifdue = —(Quidey + Quifden) = —2Qu(ap)s (2.25)

where indices in parentheses are symmetric and d is used to lower indices of Q. Covariant components of R are

Rycaa = Bizidea = 2(VQujaa + T3 Qeda — Qiif Qulae ) (2.26)
R[b(:](da) = Rbc(n,d) = 2(@[11Qc](da,) + pre Qn(da))a (2.27)
Ripetjaa) = —Roclaa) = 2(VpQeaa) + 12 Qetaa)) — Qi Qcla)e T QfaQplale- (2.28)

Curvature and non-metricity arise from  and vanish when r=r; nonmetricity further depends only on the symmetric
part of @ in (2.25).
Mathematical quantities associated with defect densities are now defined. The spatial dislocation density tensor is

a=-T:e="Tig, @ g, (2.29)

1/2 _

where € is the spatial permutation tensor. Usual dimensionless permutation symbols are e,;. = etbe = g € =
gl/ 2eabe with g = det[0,x - Dyx]. Let ()T denote the transpose of a second-order tensor. The spatial disclination density
tensor is

0 =— (E : R : e)T = %EQCdEbEJ)Rffz(:dg(I & gs- (230)

N

Henceforth restricting nonmetricity as
Qube) = — 2 Vadye = Tody, Qu(eayd™ = 3d"(Qued + Quac) = Y107, (2.31)
a vector quantity associated with point defects can be defined [14,21]:
9=-VxT=¢€:VY =¢e"9.Tg,. (2.32)
Inverting (2.29), (2.30), and (2.32) enables reconstruction of the torsion and curvature:
J . .

ﬂ),a - %Gcbdaa ) Rab[cd] - Ebaeecdfgfe» Rab((:(]) = Gbaeﬁedcd' (233)

Identify ‘B as a manifold equipped with connection V. Let {u, v, w} be smooth vector fields on the tangent bundle of
8. Then

(VVu): (v@w—w®v) = (Ru—2TVu) : (v w), (2.34)
or in a coordinate chart {z“} [70],
VipVau' = L Rizau? — T4V gu. (2.35)

This identity can be used to prove that under a “Cartan displacement”, a vector v undergoes a first-order (with respect
to transported distance dx) change upon parallel transport about an infinitesimal circuit d¢ of the form v — u + du,
where [60, 70, 89]

du = — (3 Ryzgu’ + T;:0)da" g,. (2.36)

www.zamm-journal.org © 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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The oriented area element enclosed by dc has magnitude da, unit normal n, and obeys
da = dab(gb ®g:. = 6 na da g @ Ge, nada = %Gal)zzdabu~ (237)

From (2.36), u consists of two parts: one proportional to « due to curvature and the other independent of u due to torsion,
the latter associated with “closure failure” of the circuit itself. Motivated by this definition, an infinitesimal spatial Burgers
vector db is, with  — x + db under a Cartan displacement [14,60],

db(z) = —(T + } Rz) : da. (2.38)

Extending dc to a finite circuit ¢ enclosing area a (i.e., a Burgers circuit on the deformed crystal) and choosing {g, } constant
over ‘B, the total spatial Burgers vector is

I;:/dlA):—/(TnL%Rm):da. (2.39)
This can be expressed in terms of defect densities using (2.33) [14]:

I;u, :/a“bnbda—I—/d(“"eadeﬁ'”’menbda—&—/x”ﬁbm,da. (240)

a a

2.2 Particular cases: single defect types

It is instructive to consider cases when only one type of defect is present. A sufficient description of a crystal containing
only dislocations is obtained by forcing @ = 0 in (2.19), such that I' - T and V — V describe a flat connection with
non-vanishing torsion and vanishing nonmetricity. Differentiation of (2.12) with d4 = constant yields the parallel transport
equation

Oyd, = (B F')F"° d, = Tjid. & Vyd, = 0. (241)
The “local” or spatial dislocation density tensor becomes

a=-—F'Vx(F-Y),  a®=FY g, F1o, (2.42)
Defining the “true” dislocation density and infinitesimal Burgers vector as

a=F'la=-Vx (F1, db = anda, (2.43)

application of Stokes’s theorem with (2.11) produces the true Burgers vector

b=10"g, = /di; = /&nda = —%F“ldm = ff FPdx, (2.44)
a a c ¢

where € is the image of ¢ on B and {g, } are chosen constant over the domain. For a density of dislocations all having the
same unit tangent line £ and discrete Burgers vector b, (2.42) yields @ = pb ® &, where p is the number of dislocations per
unit area a. Accurate when p is not too large, in dislocation theory it is conventionally assumed

F' = FEF' ~ FE, F = FEF'FP ~ FEF?, (2.45)

where FF accounts for rigid rotation and stretch conjugate to applied stress [6, 55, 80], and F' accounts for residual
distortion (e.g., dilatation from dislocation cores) [22] not addressed by slip deformation F* which is by definition lattice
preserving [9, 10, 14,22] and thus isochoric.

For a body containing only disclinations with no history of slip or point defects, the following conditions are imposed:

F=F"=FtF!, a=0, 9 =0, (2.46)

where F' accounts for residual deformation associated with disclinations. These lead to the following constraints that
reduce @ to no more than 6 independent components:

Tt =0, T =Qp =0, Quue=0. (2.47)
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Thus T and V now describe a Riemannian connection, i.e., vanishing torsion and nonmetricity but non-vanishing curvature.
Thus a metric exists whose Levi-Civita connection is I'; this metric is an integral function of ) that degenerates to the Levi-
Civita connection of d,; when @ vanishes. The local Burgers vector is

b= /d*le : (0n © z)da. (2.48)

For a density of disclinations all having the same unit tangent line £ and discrete Frank rotation vector w, the spatial
disclination density tensor is @ = pw ® €, where p is the number of disclinations per unit area a. The infinitesimal Burgers
vector then reduces to db = pd~ (@ x x)(€,n)da. Unlike the case for dislocations only, here the Burgers vector depends
on choice of coordinate system by which x is measured, i.e., db is not translationally invariant. According to (2.48), each
disclination is effectively assigned a radius [14,25,60] measured from the origin of this coordinate system.

For a body containing only point defects, with no history of slip or disclinations, the following conditions are imposed:

F =F" = FEF!, a=0, 0=0, (2.49)

where F' accounts for residual deformation associated with point defects, which is hereafter assumed dilatational or spher-
ical:

Fl = (14 jo0) g, 09", F'™' = (1 pov) Vg, ©g" (2:50)

The number of point defects per unit reference volume is p, and dv is the residual volume change per defect. The number
of defects per unit intermediate volume is p, and p = 5/(1 + pdv). The following constraints, necessary- for satisfaction
of (2.49), are imposed, corresponding to integrable F*~! and vanishing (2.21) and (2.28):

Tyt = 0= Yoy = 1d"N(Qcva — Qeav — Qvea + Quac),

Ripejaa) = 0= 2V, Quj0a) = —2Qi¢ Qelda) + Qi1aQclale — Qra@blale- (2.51)

The local Burgers vector is

b= / z (¥, n)da. (2.52)
a

As was the case for disclinations, here the Burgers vector is not translationally invariant. The Burgers vector from (2.52) is

proportional to distance from the origin and is directed radially outward from the origin. If the density of point defects is

uniform throughout an infinite body 93, then (2.52) must vanish for any choice of coordinate system, which implies 4 = 0

for any such uniform distribution.

In general, when dislocations, disclinations, and point defects are all present, three-term decomposition F = FEF!F? =
FU“FP applies. The primary distinction between F' and F* is that the former affects the lattice directors through (2.12)
while the latter does not. Inelastic deformation associated with distributed disclinations and point defects includes di-
latation (as well as possible shape change and rotation) and cannot be lattice-preserving; therefore, such deformation is
encompassed by F'. Inelastic deformation due to dislocation glide, i.e., shearing on slip planes, is both isochoric and lattice-
preserving, and is measured by F¥. However, in geometrically linear theories of crystal plasticity, wherein slip directors
are assumed constant, inelastic deformation from disclinations and point defects is often assigned to plastic distortion along
with deformation from slip [14,31,32].

2.3 Nonlinear elasticity

Applications of the theory in subsequent sections consider isolated line defects (single dislocation or disclination) and
isolated point defects (single vacancy or substitutional/interstitial atom). The method of solution involves assignment of a
singular density of defects at a line or a point and then excluding a small region (e.g., a cylinder surrounding the line or
a sphere surrounding the point) from the domain over which equilibrium equations are solved. For such applications®, the

B Previously [14, 19] conditions Q5. = 0 were imposed for a body both point defects and (possibly) dislocations; these conditions are sufficient
but not necessary for vanishing disclination density.

3 1n prior work [14, 25] considering time dependent problems involving continuous defect distributions, dependence of strain energy on defect
densities was permitted, and additional balance laws for thermodynamic conjugates (e.g., couple stresses) to defect densities were proposed. These
additional balance laws are trivially satisfied in the present context since defect densities vanish over domains excluding defect cores, but in other
problems they are intended to affect kinetics and restrict equilibrium defect distributions. Proper accounting for stored energy of cold work [7] in
an externally unstressed element of material requires that the element’s strain energy depend on defect density [14].
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following hyperelastic constitutive model for strain energy per unit reference volume W suffices:
W =W(F%), P=0W/0FF=P"g"®gq,. (2.53)

Here P is a kind of (generally non-symmetric) first Piola-Kirchhoff stress. To ensure invariance under rigid rotation, it is
implicitly understood that W depends only on some measure of stretch associated with F'. The usual symmetric Cauchy
stress and corresponding static equilibrium equations on B, in the absence of body force, are

o=J'PFET, V.-0=0, (2.54)

where the Jacobian determinant J = e, ePCFY FY F¢, = det[042](g/G)"/?. Equilibrium equations can be mapped
to the intermediate configuration B as demonstrated in coordinate-free notation in [59, 64] and for particular choices of
anholonomic coordinates in [15]; torsion of the crystal connection and possible skew-symmetric parts of the coordinate
connection on B enter the result.

3 Screw dislocation

3.1 Geometric description

Consider a deformed body 25 with boundary 98B. In the reference configuration, the image of this body and its boundary
are B and 9B . Cylindrical coordinates covering B and B are (r,0, z) and (R, O, Z) and are described fully in Ap-
pendix A (See Supplementary Material, Wiley online library), including basis vectors; Cartesian coordinates are (z,y, z)
and (XY, 7).

An Eulerian description of deformation is invoked here, essentially inverting the Lagrangian description of Seeger and
Mann [72]. Let the unit tangent line of the dislocation be oriented along the z-axis, i.e., £ = g.. The general ansatz for
deformation due to a screw dislocation in an isotropic body is

R(r) =7 —u(r), 0(0) =0, Z(0,2) =z —w(p) — s(z). 3.1

Radial displacement is u(r). Angle 6 is multi-valued upon complete revolutions around the dislocation line. Slip plane &
corresponds to the half-plane (y = 0,z < 0), or § = £. Following [32], ¢ is introduced to maintain uniqueness of the
deformation field and enable description of the slip discontinuity via generalized functional analysis [39]. Angle ¢ is single
valued but discontinuous, and is defined as [32]

o(2,y) = tan~" (y/z) + TH(—=)[H(y) — H(=y)], (32)
where the arctangent is restricted to its principal value in the range (-7, 5) and

H(z) =0 Vz <0 H(z)=1 Vz > 0. (3.3)
Note that

pe(-mm), lel=¢lo=r —¢lo=—r =21, =0 Ve (-m,7). (3.4)
Generalized derivatives [39] of ¢(x, y) are [32]:

Dpip = —y/r?, O, = x/r* + 27H(—2)d(y), (3.5)

where §(y) = dH(y)/dy = H'(y) is the Dirac delta function. The following generalized derivatives are also noted for
functions whose ordinary derivatives are O(1/r?) [32]:

Op(z/r?) = 1/r* — 227 /r* + 7d(r), ay(y/ﬁ) =1/r* = 2y% /1" + 7o (r), (3.6)

where §(r) = 6(x)d(y) in polar cylindrical coordinates.
For the screw dislocation, the true Burgers vector and function w are

b=bg. =bG,,  w=bp/(2n). (3.7)

The true Burgers vector is constant. Since § = ©, basis vectors in Appendix A (See Supplementary Material, Wiley online
library) here obey (1/7)gy = (1/R)Go = ey = Eg. Displacement u = x — X in (A.38) reduces to

u = u(r)gr + [w(p) + s(2)lg: = u(r)Gr + [w(p) + 5(2)|Gz. 3.8)
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Displacement is continuous except for that due to the jump in w across S:
[u] = ulp—r —ulp-—r = b. (3.9)
In curvilinear coordinates, the inverse deformation gradient from (3.1) is
Fl'=F'"Greg +F '9Gorgd"+F'7G;0g +F /G, 24’
= (dR/dr)Gr® g +Go®g’ +0.2G, @ g + % ZG, @ ¢’
=[1-d(NIGr®g +Geo®g’ +[1-5(x)|Gz®g" — dhuGz 24’ (3.10)

where v/ = du/dr and s’ = ds/dz. From (3.5),

b b
—1z _ _ 0 . __°
F—9 = 277[ 7 sin 00, w + r cos 80, w) 27r[

1 — 2mrH(—2)d(y)]. 3.11)
To fix translational invariance of the origin and ensure volume remains positive,
u(0) =0, s(0)=0; (1 —u/r)(1—u)(1-35")>0. (3.12)
The final decomposition (2.45) is now applied, such that
F = FEFP, F~! = FP-1pEt (3.13)

Extending the linear theory of De Wit [32] to the geometrically nonlinear regime, the “elastic” part of F'~! is defined as
that which is continuous and single-valued over B except at = 0:

FEl=1-u(nGrog +Go g’ +[1-5(2)Gz g — [b/(21)]Gz @ ¢°. (3.14)

It follows from (3.11) and (3.13) that

F~' = brH(—2)0(y)Gz ® ¢’ + FE~! = [brH(—2)6(y)Gz @ (FETg") + 1]FE!. (3.15)
In the reference configuration, the image of the slipped surface & is (X < 0,Y = 0), on which r(R) and 6(©) are
continuous, but Z(6, z) is discontinuous. Let m denote a normal to & directed from © = —7 to © = +

m(r,R) = —rg" - F* = —+rG° = —(1/R)gy = —(r/R)ey  on 6. (3.16)

The plastic part of (3.15) is the simple shear
F'Yx)=1-H(-z)d(y)bom, F'(X)=1+H((-X)§Y)b®m. (3.17)

Since b-m = —(l;r /R)e. -eg = 0, slip is isochoric: det F* = 1. Integration of F* over a rectangular volume V traversed
by &, produces, with the approximation /R = 1,

(1/V)/ FPdV ~ 14V b® m/ H(—X)0(Y)dXdYdZ =1 +~s®@m, (3.18)
v 1%

where v = bA/V is shear in direction s = g. due to slip over area A = [ H(—X)dXdZ. From the above description,
F(X)=F" VXecB)\&, FX)=FF" on &;
Fl(z)=F*"' vacB\6, F'(x)=F"'F*' on 6. (3.19)

It becomes prudent to select coincident cylindrical coordinate systems on 9B and B, such that g0 (X) =64G4(X) [15],
and in these coordinates

FE=FF g, 29" =F%",9, ® G*, FEO (X)) =042"(X) VX € B,\&. (3.20)
The dislocation density tensor can now be computed. In Cartesian coordinates, using (3.5),

F' 7 =by/(2m?),  F'7 = —b[z/(2nr”) + H(—2)d(y)). (3.21)
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Decomposing this into continuous and singular parts,

FEY = by/(2mr?), FE'Y2 = —ba/(2mr?), F''2 = —bH(-2)d(y). (3.22)

Y
The only non-vanishing component of true dislocation density is, from (2.43) and (3.6),

a%* = 9. FF Y = 9, FF 2 — 0, FF 1 = [b/(2m)][0, (y/r) + 0. (x/17)] = b(r). (3.23)
Therefore,

a=0(r)G; ®g. =56(r)boE. (3.24)

Consider a closed loop ¢ encircling the dislocation line; area a enclosed by this loop has constant normal vectorn = g, = £.
Applying Stokes’s theorem, consistency with (2.44) with FE = F is demonstrated:

b= /G5(r)l~)<§,n>rdrd9 =— /a(v x FE"1)nda

b -
=— ijE”dm =— j[FE*IZ,,GZda = — j[de =b. (3.25)
C C ’ 27r c
The second of (2.9) can be verified by taking the curl, in the sense of a generalized derivative [39], of (3.15):

—Vx (FY)=-Vx (FEFY 4V x [H(-2)d(y)b@m] =a —6(—z)d(y)bo g. = 0. (3.26)

3.2 Nonlinear elastic analysis and general solution

A nonlinear elastic boundary value problem for the screw dislocation is constructed as follows. Let body B consist of a
cylinder of outer radius Iy with the dislocation line located along r = 0. A cylindrical core region r < 7y is removed from
the body and excluded from the solution domain. The length of the cylinder is L, such that the body is contained within the
limits —[24 <z< ]24, though the forthcoming analysis also applies for the case L — oo. Slip plane G now consists of the
two-sided flat region (0 = +m, 79 < r < Ry). Body 9B is multiply connected when it contains the slip plane (i.e., when
it is treated as an annular tube) since # is multi-valued. Domain B\ & is simply connected, as is its image in the reference
configuration B\ Sy.
Equilibrium equations are solved on 8\ &. From (3.19), in this domain the strain energy function in (2.53) becomes

W =W(F) = W[D(F)| = W[E(F)]. (3.27)

As defined in Appendix C (See Supplementary Material, Wiley online library), Eulerian and Lagrangian strain measures
(both referred to material coordinates {X A 1) are, respectively,

D=l1-F'FT), E=LFF-1). (3.28)

5 g
Cauchy stress is, from (C.6),

o=J'PF'=J 'FTSF ! = J 'FSF", (3.29)
where

P=0W/0F, S=0W/0D, S=0W/OE. (3.30)
Static equilibrium equations are

V.eg=0, Vo =0. (3.31)

Internal boundary conditions are
[ul]=b on &  t|,—,, =on=jpe, =" |,—,, = —p. (3.32)

The first of (3.32) prescribes a displacement jump equal to the true Burgers vector across the slip plane, as in (3.9). The
second of (3.32) assigns a traction £ at the core surface corresponding to a constant radial Cauchy pressure p, with e, a unit
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vector in the radial direction as defined in Appendix A (See Supplementary Material, Wiley online library). Traction along
the core must be a uniform pressure to maintain consistency with the symmetry inherent in ansatz (3.1). External boundary
conditions are

Ry
tl—p, = 0; / t*rdrdf
70

The first of (3.33) prescribes traction free conditions on the surface of the cylinder at » = Rj. The second of (3.33)
prescribes either null average axial force for a cylinder of finite length, or no average axial strain for an infinite cylinder.

An iterative solution procedure in Eulerian coordinates is invoked, similar to that of Teodosiu and Séos [81, 82]. The
primary difference between the present isotropic nonlinear elastic analysis of the screw dislocation and that in [81] is
that here a different (Eulerian) strain energy potential W is used, in contrast to the Lagrangian strain energy potential
W used in [81, 82]. A second difference is that possible axial strains are considered for a dislocation of finite length, in
contrast to [81] that considered only the infinitely long dislocation and imposed s = 0. In an earlier analysis of the screw
dislocation in isotropic nonlinear elasticity, Seeger and Mann [72] used an iterative procedure in Lagrangian coordinates,
with a Lagrangian strain energy function, and allowed for axial strain, but did not address core pressure. The general method
of solution in Lagrangian coordinates was described formally by Gairola [38].

According to the method of solution [81,82], spatial displacement u is written in the series

=0 or s(z)—0 as L — oo (3.33)
z==%L/2

u(x) = kug(z) + K ui (z) + -, (3.34)

where k£ > 0 is a small scalar parameter whose particular value will not affect the final solution. Internal boundary condi-
tions are of the assumed form

b=kb, p=kp, (3.35)

which is justified by the vanishing of b with p [81,82]. Truncating (3.34) at second order* [i.e., omitting terms of O(ks)]
and prescribing a strain energy potential of either of the latter two forms in (3.27) results in a series expression for Cauchy
stress:

o = ko() + k2(0'1 +T), O'((]lb = C“b“ZVC(uU)d7 O'fb = C‘“’“dvc(ul)d, (336)

where C**“? are second-order elastic constants (equivalent to those introduced in Appendix C (See Supplementary Material,
Wiley online library)), and where 7 depends on Vu and second- and third-order elastic constants. Substituting into (3.31),
two sets of equilibrium equations result:

V.00=0, Vo, =-V-T. (3.37)

The first of these equations is solved in conjunction with internal boundary conditions linear in k, i.e., (3.35), providing a
solution for u. The second of these equations is then solved for u,, applying continuity of u; across G and null traction at
r = 1y, along with the previously obtained solution for u to be used to compute 7. For both solutions, vanishing traction
atr = Ry is imposed.

The general method of solution is now applied to the screw dislocation, where W(D) is used for the strain energy
potential, making the present analysis and results different from others mentioned already [38,72,81]. Displacement (3.34)
applied to (3.8) results in

u(r) = kug(r) + K*u (1),  w(p) = kwy (@) = kbp/(27), s(2) = kso(2) + k*s1(2), (3.38)
where w is necessarily truncated at first order to satisfy (3.7) and (3.35), with
b=kbGy, b = kb. (3.39)

With respect to curvilinear cylindrical bases {G 4, g" }, the inverse deformation gradient matrix on B\ is

R 0 0 1 — ku), — k] 0 0
F4=10 o o0 |= 0 1 0 . (3.40)
0 &Z 0.7 0 —kb/(21) 1— ksl — k2],

4 Incorporation of terms cubic in & would result in a problem depending on fourth-order elastic constants, which cannot be measured completely, and
are usually unknown for real crystals.
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As remarked already, the domain of analysis excludes the core and slip plane and thereby avoids singularities and consider-
ation of F¥. In physical components, i.e., orthonormal bases {e,, E 4 }, (A.36) becomes, for the isolated screw dislocation,

1 — kuf, — k*u) 0 0
[F™ )] 0 1— kug /1 — Kui /7 0 : (3.41)
0 —kb/(27r) 1 — ks) — k*s)

noting that \/G/g = R/r = 1 — w/r. Henceforth, such physical components will be used for analysis of the screw
dislocation. Volume ratio is

J = det[Fﬁl<Aa>] = (1 — ku)), — E*u})(1 — kug /r — E*uy /7)(1 — ks, — k*s})
=1—k(u) +uo/r + s)) + O(k?). (3.42)

The next step is computation of components of strain tensor D in terms of the quantities (k, b, ', u/r, s”). Subsequent alge-
bra becomes analytically intractable when all such quantities are retained in the general solution. Therefore, two particular
cases are considered in what follows:

p=0=s0=0; or L—o00=s5=0. (3.43)

The first case is consistent with a priori knowledge that in the linear elastic solution of a screw dislocation, axial strain
vanishes when core pressure vanishes®. This is the Eulerian analog of the form of Lagrangian displacement function s(Z%)
assumed by Seeger and Mann [72]. The second case in (3.43) is consistent with the second set of boundary conditions in
(3.33), and leads to the condition that all displacements are independent of z, as should be the case for an infinitely long
dislocation line. Therefore,

s(2) = k?s1(2) (3.44)

is used, with s; = 0 invoked when boundary conditions corresponding to the second case are imposed.
In physical cylindrical components, strain tensor D is, from (3.28) and (3.41),

D =DprEr @ Eg + DooEo ® Eg + Dz,E; @ E; + Doz (Ee ® E; + E; @ Eg); (3.45)
DRR = ku(/) + kQ('U/l — %U(;), D(_)(;) = kU()/’I" + k2[u1/7" — %(uo/r)ﬂ,
Dz = k*[s) — b*/(87%r?)], Doz = Dyo = kb/(47r) — k*bug / (477?), (3.46)

where terms O(k?) have been truncated. Strain energy potential per unit reference volume (C.7) is used, truncated at third
order:

W = $CupcpDapDep + %CA’ABCDEFDABDCDDEF
= %CuﬁDaDﬂ + %éuﬂq’DaDﬂD”m (347)

where Greek subscripts denote Voigt notation. For an isotropic material, second-order constants C., 3 depend on (A, i) from

(C.11), and third-order constants CA’,}‘{;A/ depend on (7, 5, U3) from (C.12). Stress S = 8W/ 0D is, omitting terms of
o(k?),

S’ = S'RRER ® Er + S'(_)(_)E(_) ® Eg + SzzEZ QR E; + S(_)Z(E(_) QFE;, +E; ® E(_)); (3.48)
Srr = k{(X =+ 2u)uf + \ug/7}

+ B { (A + 20) (u] — ug /2) + Afuy /7 — 5 (uo /r)? + 8| — b /(87%r?)]

+ L(01 + 605 + 803)uf + (01 + 209)[5 (uo/7)? + ufuo /7] + 0267 /(87 r?)}, (3.49)

Soe = E{(A+ 2u)ug /7 + \uj}
+ BN+ 2p)[ug /1 — (o /7)) + Alul — ui/2 + 5| — 6% /(87°r?)]
+ 5 (01 + 605 4 803) (uo /r)* + (01 + 202) (uf /2 + ufuo /1)
+ (Dy + 203)b* / (87%1?) 1, (3.50)

5 It will be shown explicitly later how positive core pressure p is linearly proportional to axial contraction in the linear solution.
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Szz = k{\(u) +uo/7)}
+ LA+ 20)[s) — b/ (87 r?)] + Aluf 4w /1 —ui /2 — 5 (uo/7)?]

+ %(191 +209)[uff + (ug/7)?] + Drugug /1 + (D9 + 205)b° /(87°1?) }, (3.51)
Soz = Sze = k{ub/(2mr)} — E*{ubug /(27r?)}. (3.52)

Using (3.41) and (3.42), Cauchy stress 0 = J ' F~TSF~! is, omitting terms of O(k?),

o =06 Q€ +0gppey ey +o,,e, e, + Uﬁz(eﬁ Re,+e, & 6()); (353)

o = k{(A + 2p)uf + Aug /7}
+ B {(A 4 2p)u) + Muy /74 s7) — $(TA+ 1dp — Dy — 605 — 8D5)uf
— (AN +2u — D1 — 200 )ufug /r — 5 (BN — D1 — 209) (ug /7)?
— (XA = Do)b? /(87 r%)}, (3.54)

ogg = k{(N + 2u)uo /1 + Auj }
+ B {20 ur Jr 4+ A(u) + 1) — (BN — D1 — 200)uf
— (AN + 20 — Dy — 200 )ufug /7 — S (TA+ 14p — 01 — 605 — 803) (up /7)*
— (N2 — Dy — 203)b* /(87 r*) }, (3.55)

Ozz = k{)‘(u(/) + U()/T')}

+ B {A(u) +ur /r) + (A +2p)s) — (3N — D1 — 200 )uf?

— (2)\ — ﬁl)u[’)uo/r — %(3)\ — 191 — 2172)(’&0/7")2

— (N 4p — Dy — 203)b7 /(87 r?)}, (3.56)
09. = 0.9 = k{ub/(2mr)} — K2 {(\ + p)buf /(277) + (A + 4p)bug / (27r?) }. (3.57)

These are consistent with (3.36). From symmetry of Cauchy stress, applying (A.39) in spatial components, equilibrium
equations V - ¢ = 0 reduce to

0y 0y + (04 —09g) /T =0, 0Opogg/r + 0.09. =0, 0Opoy./r + 0.0,. =0. (3.58)
First consider equilibrium conditions corresponding to stress components linear in &, i.e., the first of (3.37), where
oo(r) = [(A+20)up + Aug /r]e, @ e, + [(A + 2p)uo /7 + Augley @ eg
+ [Mufy +uo/r)]e. ®e. + [ub/(27r)](es @ €. + €. @ ep). (3.59)

Since g does not depend on 6 or z, the second and third equilibrium equations in (3.58) are trivially satisfied to first order
in k. The first order radial equilibrium equation becomes

(N 20) (uf] + Muy /7 —ug /r?) = 0. (3.60)

This is a homogeneous second-order ordinary differential equation of Cauchy-Euler type, with general solution

uy = c1r+c/r. (3.61)
Applying boundary conditions (¢ )y |r=r, = —p and (0¢),r |r=r, = 0, the solution is
a=x(1-2v), a=xR, x=[Pp/Clr/(R - (3.62)
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with Poisson’s ratio v defined in (C.14). With uy now known, all components of g can be found using (3.59). To first
order in k, radial displacement, radial stress, circumferential stress, and axial stress vanish if core pressure is omitted
(x = 0), whereby the solution degenerates to the usual anti-plane shear description of a screw dislocation in isotropic
linear elasticity. It was assumed in (3.44) that sy(z) = 0. If this restriction is relaxed in the linear solution, then the axial
equilibrium equation yields (A + 2u)sj = 0 = sg = c3z. If the average axial stress (o)., is set to zero over any cross
section of the cylinder at constant z, then sy = —2[v(1 —2v)/(1 — v)]xz is the axial contraction that occurs in conjunction
with positive core pressure for v > 0. Since sy = 0 when x = 0, the first assumption in (3.43) is now verified.

Now consider equilibrium equations for stress components quadratic in k, i.e., the second of (3.37). From (3.54)—(3.57),

o1(r,z) = [(A+2p)u] + Aur /7 + s))]er ® e, + [(A+ 2u)ur /1 + Au) + s7)]ey @ eg
+ (A +2u)s] + A} +ui/r)]e. @e., (3.63)
7(r) = {X*(1 — 2v)* (—9X\ — 9 + 201 + 6y + 4i%3)
+ (/)P RE(1 — 2v) (4 + 14p — 4Dy — 8i) — (X — D9)b* /(877)]
+ (1/rYERY (=X — B+ 205 + 4i)) e, @ e,
+ {3 (1 = 20)2(=9N — 9 + 20 + 61 + 4773)
+ (1/r) [P R2(1 — 2v)(—4\ — 14p + 4Dy + 813)
— (A2 — Dy — 203)b% /(877))]
+ (1/r) [P Ry (=X — 5+ 205 + 4i3)] }ey @ ey
+ (1 = 20)2 (=B 4 207 + 209) + (1/72)[(=\ — 4p + Dy + 203)b? /(87%)]
+(1/r)DC Ry (=X + 2)]Je. e,
—{(@/M)[(1 = 2v) (21 + 5p)bx/(27)]
+ (1/r")[Bubx R3 /(2m)]} (e ® €. +e. @ e). (3.64)
The radial component of second-order equilibrium equation in (3.37) is
Or(o1 +7)pr + [(61 +7)pr — (01 + T)as]/r = 0. (3.65)

Substituting from (3.63) and (3.64), this becomes an inhomogeneous second-order ordinary differential equation of Cauchy-
Euler type:

A+ 20) (1w fr =y [r?) = (1)) Dy + 03 — A — p)b? [ (4%)
+ (1/r°) (20 + 45 — X — 5p)4x* Ry, (3.66)

The homogeneous general solution to this equation is of the form u;g = Cyr + C5 /r. The particular solution w;p can be
found using Lagrange’s method (i.e., variation of parameters). The total general solution is the sum u; = wy + u;p:

Co VAN +p—10o—03)Inr  X*Ri(20 + 403 — X — 5p)

=C =2 —— : . 3.67
u(r)=Cr+ = sP(+2n) v 2(A+ 2u)r en
Consistent with previous arguments, applying vanishing second-order traction end conditions (o), = —7; atr = and
r = Ry gives
b [ A4 p— Do —3) In(Ry /1) /
C = o7 2 7 | TV
87 A+ p)(A+2p) R -1
X u
+ ———[(1 = 2v)(9A + 9 — 20 — 6D — 40
2(\ + p)? I ) po R o)

+2(\ + 5 — 205 — 403)(RG /75)), (3.68)
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b2 [0y — A 1 r2ln Ry — R 1lnr
C = - )\ — Uy — D - 0 ‘0
LS [ o T FHT yg)(2u+ (A+2/~L)(R5—rﬁ))]
oo [ (1 —20) (4N + 14p — 4Dy — 803) (A + 5p — 2ip — 4i)(R2 +12)
. 3.6
| 7 = 68

Since o} and 7 do not depend on # and since (o1 )g. = 79. = 0, the second-order circumferential equilibrium equation in
(3.58) is trivially satisfied. The second-order (i.e., proportional to k?) axial equilibrium equation is

.[(01).. +7..] = 0= (A +2u)s] = 0. (3.70)
Its general solution is, upon imposing s; (0) = 0 to fix translational invariance,
S1 = GgZ. (371)

Therefore, s; = C3 = constant, and Cauchy stress is of the form ¢ = o(r). For an infinite dislocation line (L — 00),
the second of (3.43) requires C5 = 0. For the first condition in (3.43), corresponding to a dislocation of finite length with
p = 0, applying the null axial force condition over any cross section normal to the dislocation line:

™ Ry
/ / [(01).. + 7.]rdrd6 = 0 (3.72)

r

results in an algebraic equation for C's that yields

Cg—i {IH(RU/TO)H (/\+u }
%

C4m? | R} -1l 3N+ 2p)
Ay + 03 — A — p) . . AN+ — g — D)
FA+4dp— Dy — 205 — 3.73
[ A+ 2p R TET TOT O 2w G179

Recall that (0¢).. = 0 when p = 0, so that the total axial force from terms proportional to k and k? vanishes in this case as
well. Since s| = Cj, solutions for C} and C5 are complete and wu; (3.67) is fully known, as is second-order Cauchy stress
o in (3.63).

Combining first- and second-order solutions for displacement, (3.38) becomes

atr) =[x -2+ X8

‘ Cy | B AN+pu—iy—05) Inr | x*Rj(200 + 403 — X — 5p)
K’ = — d ; 3.74
+ |:Cl’f'+ ” + 87T2(/\+2,U) r 2()\"1'2#)7”3 ’ ( )
w(f) = kbd/(2m), 0 € (—m,m); (3.75)
s(z) = K*Cs2. (3.76)

Recall from (3.35) that kb = b and kp = p, and from (3.62) that x o< p. All terms in the solution linear in % are proportional
to b or . All terms in the solution quadratic in k are proportional to b* or 2. Therefore, k does not affect the final solution.
Combining first- and second-order solutions for Cauchy stress, (3.36) becomes

o(r) = koo (r) + ko1 (r) +7(r)], (3.77)

where o is given by (3.59) with all terms linear in b or y, and o; and T are given by (3.63) and (3.64), respectively, with
all terms quadratic in b or ) or bilinear in by.
Strain energy per unit reference volume W of (3.47) can be written

W = %k%o : Dy + k:;ao : Dy + ékgéABCDEFDO AaBDocpDo pr + O(k4), (3.78)
where D, is the first-order (linear in k) part of strain in (3.45):

Dy =uyEr ® Ep + (uy/r)Ee @ Eg + [b/(477)|(Ee ® Ez + E; ® Eg),. (3.79)
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and k&’ D; = D — kD is the second-order part of strain. Considered here is the infinitely extended dislocation line. The
first term in (3.78) is computed as

Lo Dy = pb? /(87 r?) + 2ux*[(1 — 2v) + Ry /). (3.80)

Assuming contributions from higher-order products of radial displacement and its derivatives are small compared to those
involving shear, second and third terms are

oy : Dy ~ —ub*x(1 + R:/r?) /(4% r?), (3.81)
LAABCDEF R p p b’ x 1 — 90\ (5 + 5 R} 38
6 0asDocoDopr ~ 75 ( v) (D9 4+ D3) + 3 o |- (3.82)

Strain energy per unit current volume is W /J where J~! is given by (3.42); integrating this over the cross section gives
the energy per unit length ¥, where y = kx:

O=m Y‘ZR[) "
U= / J ' Wrdrde
[’

=T r=Tro
b R . . o
~ In T—{u[l —2X(1 =2v)| +2x(1 —2v) (D2 + 3 — A — )}
0

+ 203 (RS — rd) (1 — 202 (A + p)[1 — 2% (1 — 20)]
+ 2mX(RG /g — D{V* (55 — p)/(87%) + xuRG[1 — 2x(1 — 2v)]}. (3.83)

The linear elastic energy per unit length is recovered by setting b2Y,x* — 0; when core pressure vanishes, this linear
solution is the conventional ¥ = [ub? /(47)] In( Ry /70).

3.3 Solution for ideal crystal with Cauchy symmetry

The complete solution depends on 9 parameters: geometric constants (5, 70, Rp), elastic constants (A, u, 1, P2, I3 ), and
core boundary condition p. The solution is further examined for a reduced set of parameters. Choosing b = 7y [56], the
geometry and core pressure become respective functions of dimensionless parameters A and py:

A=Ry/ro=Ry/b>1, py=p/K. (3.84)

Imposing Cauchy symmetry on the elastic constants, which is a physically reasonable assumption for alkali metals and ionic
crystals such as the alkali halides [40], produces relations (C.20) and (C.22) of Appendix C (See Supplementary Material,
Wiley online library). The number of elastic constants is now two, the linear bulk modulus K and pressure derivative of
tangent bulk modulus K" = B|):

A=p=3K, n=-2%K, in=-50EK-6), n=-L(K -9). (3.85)

Thus v = i and all other elastic constants are proportional to K. Typical values for K’ in natural crystalline solids are
2 < K' < 7[45], with K/ ~ 4 a common approximation if high pressure data are unavailable. The reduced set of
5 parameters entering the solution is now (5, A, po, K, K'). Noting that x = g’ po/(A% — 1) and that all coefficients of
displacement depend only on dimensionless ratios of elastic constants, normalized displacement u/ b depends only the set
of 3 parameters (A, py, K'). Since stress components and strain energy are linearly proportional to an elastic constant,
dimensionless stress and energy o/ K and ¥/ K also depend only on this set. It was verified that the dimensionless solution
does not depend on b or its units.

Normalized radial displacement u/ry = u/ b is shown versus Eulerian radial coordinate 7 in Fig. 1. In this and all
later plots of results versus radial coordinate, the abscissa begins at its minimum valid value r/ry = 1. The effect of core
pressure is shown in Fig. 1(a) for a fixed cylinder size of A = Ry/ry = 100: dilatation (i.e., radial expansion) increases
with increasing py but decreases rapidly with increasing . The effect of nonlinear elastic constant K’ is shown in Fig. 1(b)
for a fixed core pressure py = 0.1 and and an infinitely long dislocation, i.e., fixed ends (C'; = 0): dilatation increases
with increasing K. The effect of K’ is shown in Fig. 1(c) for null core pressure but average free axial conditions (3.72):
dilatation increases in magnitude with increasing K, is positive for K’ > 4, and is negative for K’ < 4. Values of C3
computed from (3.73) are shown in the legend; recall that C5 > 0 corresponds to axial extension, while C's < 0 corresponds
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Fig.1 Total radial displacement for screw dislocation: (a) variable core pressure py (b) variable K’, py = 0.1 (c) variable
K’, py = 0 (d) variable cylinder size Ry = Aryg.

to axial contraction. For K/ = 4, u ~ 0 for r > rg, suggesting that core pressure rather than elastic nonlinearity may be the
primary contributor to dilatation in a typical crystalline solid. Recall in the linear elastic solution py = 0 = uy = 0. The
effect of cylinder size Ry is shown in Fig. 1(d): for A > 100, radial displacements are indistinguishable, while for A < 10,
increased dilatation is observed since the free surface is closer to the core.

Normalized Cauchy stress field o/ K is shown in Fig. 2 for A = 100 and K’ = 4. Radial stress is shown in Fig. 2(a);
the vertical axis is truncated at o,, = —0.5K since o,, = —Kpj at r = rp. Maximum magnitudes at r = 7( are on the
order of |p|. Radial and circumferential stress components are of opposite sign and decay rapidly within » < 15r. Axial
components are negative close to the core and slightly positive farther away from the core, and decrease rapidly within
r < Brg. All stresses converge towards a single curve for each component for » 2 20r( that corresponds to the linear
elastic solution with vanishing core pressure. For large r, normal stresses decay to zero and shear stress oy, [Fig. 2(d)] is
proportional to 1 /7.

Nonlinear and linear solutions for stress and energy per unit length are compared in Fig. 3 and Table 1, respectively.
Stress components shown in Fig. 3 correspond to fixed parameters A = 100, py = 0.1 (linear and nonlinear) and K’ = 4
(nonlinear). Radial and circumferential stresses obtained from the nonlinear solution are nearly indistinguishable from
corresponding stresses from the linear solution. Axial stress is negative and larger in magnitude for the nonlinear solution
compared to the linear solution for < 4r(. Shear stress is of the same positive sign but smaller in magnitude for the

Table 1 Strain energy ¥ /(7 R} K) x 10° for screw dislocation, A = 100.

Do K'=0 K =2 K =4 K =6 K =8 Ilnear
1.0 0.929 0.918 0.906 0.896 0.885 0.903
0.1 0.809 0.798 0.787 0.776 0.765 0.783
0.0 0.700 0.700 0.700 0.700 0.700 0.700
-0.1  0.758 0.769 0.780 0.791 0.801 0.783
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Fig.2 Cauchy stress field for screw dislocation with K’ = 4 and A = 100: (a) radial stress (b) circumferential stress (c)

axial stress (d) shear stress.
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Fig.3 Comparison of nonlinear and linear elastic solutions for stress field of screw dislocation with A = 100, py = 0.1
and K’ = 4.

nonlinear solution for r < 47(. The total stress field from the nonlinear solution becomes indistinguishable from the linear
solution for > 10ry. Solutions for normalized strain energy in Table 1 are obtained using (3.83), where terms < k* are
omitted in the linear solution. For py = 0, K’ does not affect the solution, and nonlinear and linear predictions coincide.
For other values of core pressure, energy predicted using the nonlinear solution may exceed the linear solution depending
on the value of K.
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4 Wedge disclination

4.1 Geometric description

Consider a deformed body B with boundary 9*B. In the reference configuration, the image of this body and its boundary are
B and 9*B. Notation for cylindrical and Cartesian coordinate systems is the same as that used in Sect. 3 and Appendix A
(See Supplementary Material, Wiley online library).

An Eulerian description of deformation is invoked, similar to that of Vladimirov et al. [86], though a different strain
energy potential and core boundary conditions will be used here. Let the unit tangent line of the disclination be oriented
along the z-axis, i.e., £ = g.. The general ansatz for deformation due to a wedge disclination in an isotropic body is

R(r) =r —u(r), 0(0) =0 —wp/(2n), Z(z) = z — s(2). 4.1

Radial displacement is u(r), and @ is a constant associated with the Frank vector. When & > 0, the wedge disclination is
labeled “positive”, corresponding to removal of a wedge of material and tensile circumferential stress. When w < 0, the
disclination is “negative”, corresponding to insertion of a wedge of material and compressive circumferential stress. Angle
6 is multi-valued upon complete revolutions around the disclination line, and ¢ € (—, 7) is defined in (3.2). Surface &,
where O(6) is discontinuous, corresponds to the half-plane (y = 0,z < 0), or # = £7. On B\ S, the second of (4.1) can
be inverted to § = kO, where k = 27/(21 — ).

Displacement u = & — X in (A.38) in physical curvilinear basis {e, (0)} is

u = {r — (r —u) cos[op/(2m)]}e, + {(r — u) sinjwp/(27)]}ey + se,. 4.2)
Displacement is continuous except for that due to the jump in ¢ across &:
[6] =Olp—r — Olp=—r = -0, (4.3)

[l = wlo—r — ulo——r = (u—r){[coslip/(2m)]]e, - [sinfiow/(2m)]]es}. (44)

For small u and small &, this reduces to the usual approximation [u] ~ r&ey [14,32].
In curvilinear coordinates, the inverse deformation gradient from (4.1) is

Fl'=F''Grog +F'9Go2g¢" + F'2G; 2 ¢
= (dR/dr)Gr @ g" + [1 — @I/ (2m)|Ge @ ¢’ + (dZ/d2)Gy @ g°
=1 —u(MGr®g +[1—0de/2m)Ge @ ¢’ +[1 -5 (2)]Gz @ g". (4.5)
Applying the generalized derivative from (3.5),
F7'9 =1 — [@/(2n)][~rsin 00, ¢ + 7 cos 00, p] = 1 — &/ (21) + OrH(—x)8(y). (4.6)
Define the function w(6) and its derivative
w=wh/(2m), w' =dw/df = &/(2n). 4.7)
To fix translational invariance of the origin and ensure volume remains positive,
u(0) =0, s(0)=0; (1—u/r)(1—u)(1—-w)(1—-5)>0. 4.8)

Physically, constraint || < 27 also applies.
The multiplicative decomposition of lattice deformation in the first of (2.46) is now applied:

F=F'F', F'=F"'F*" (4.9)
The “elastic” part of F'~! is defined as that which, in curvilinear coordinates, is continuous and single-valued over B:

FEl = [l d/(N)Gr @ g +[1-w]Go ®g" +[1-5(2)]G7 0 g°. (4.10)
It follows from (4.5), (4.6), and (4.9) that

F~' = OrH(—2)6(y)Go © g + FE'. (4.11)
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Decomposition (4.9) implies existence of a locally unstressed intermediate configuration B for each material element.
Selecting coincident cylindrical coordinate systems on B and 9B, such that g, (X) = 6! G 4(X) [15], and solving for
F171® o F*l(—)FlEj)ﬁ

0 = NENCE

F'7U = {14 2000/ (2n — O)|H(—2)d(y)}Ge @ G°. (4.12)
From the above description,
Fl(x)=F""' veec®B\6, Fl'(z)=F"'F*' on 6&. (4.13)

These can be inverted for F'(x). Since ©(0) is multi-valued across &, the referential image of & is not a single half-plane
as was the case for the screw dislocation in Sect. 3.

The disclination density is now considered. A spatial density tensor # and Frank vector @ of the following forms are
consistent with geometry of the problem:

0=0"g. 9. =wi(r)g. ®g. =6(rw¢&; w=wg.. (4.14)

To complete the description of kinematics, variable ) entering the connection (2.19) is sought that yields (4.14) when used
in (2.28) and (2.30). From the second of (2.33), the only nonvanishing covariant components of curvature in are, in spatial
Cartesian coordinates,

R;tyzy = Ry:vwc = _Rzyyf = _-éyxry =—0". (415)
From (2.28),
Rayay = 2(ViaQylay) + T3y Qulay) — Q71 Quylyla + Qye Qalylas (4.16)

with summation on index a and (+);,,] = 3[(*)sy — (*)y]. Existence of a field @ that simultaneously obeys (4.14)~(4.16)
and all of (2.47) is unproven at present. However, the following approximation® is known:

Q =0H(—z)d(y)(e, ®e, Re, —e, De, Ve,), (4.17)

Quys = —Qyzy = GH(—2)d(y). (4.18)
Then (4.16) becomes

Reyey = 0.Quey = QylQuay = 0;Qyuy = —00(—2)8(y) = —06(r) = =677, (4.19)

where terms of O(w?) have been omitted in the approximation, yielding a result consistent with (4.14) and (4.15). In the
linear approximation, the contribution to the local Burgers vector from the disclination is, with n = g, in (2.48):

db=d 'e: (On @ z)da ~ & x xda = r&d(r)drdigy. (4.20)

Integral | db then vanishes identically for domain a with constant normal g, parallel to & when the disclination passes
through » = 0. But if the coordinate system is translated such that £ intersects planar area a at coordinates (z, =
79 cos By, yo = 1o sin b)), then the disclination density becomes 6°* = &d(x — 9)d(y — yo) and b = [ db = rowey(6)).

4.2 Nonlinear elastic analysis and general solution

A nonlinear elastic boundary value problem for the wedge disclination is constructed as follows. Let body B consist of a
cylinder of outer radius Ry with the disclination line located along r = 0. A cylindrical core region r < r( is removed
from the body and excluded from the solution domain. The length of the cylinder is L, such that the body is contained
within the limits —% <z< %, though the forthcoming analysis also applies for the case L. — oo. Plane & now consists
of the two-sided flat region (6 = +m,79 < r < Rp). Body B is multiply connected when it contains this plane (i.e.,
when it is treated as an annular tube), since  is multi-valued. Body B\ & is simply connected. Its image in the reference
configuration, B\ &, is simply connected when & > 0, but contains an overlap of material across &, when & < 0.
6 This approximation is not fully consistent with the second of (2.47) since TT,/“ = 7% % does not vanish, leading to singular dislocation density
a¥* = Qy;’ on &. Similar artifacts exist in linear representations of discrete disclination lines [32]. The result is inconsequential here since the
elastic solution, which does not depend explicitly on the choice of Q, is sought only over B\ &.
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The solution procedure parallels that of the screw dislocation of Sect. 3.2. Equilibrium equations are solved on B\&.
From (4.13), in this domain the strain energy function in (2.53) becomes

W =W (F) = W[D(F)] = W[E(F)], (4.21)

where W is used in the solution that follows. Equations (3.28)—(3.31) apply.
Internal boundary conditions are

[6] =—-& on &; tly—r, =0on =pe, = o""|,—,, = —P. 4.22)

The first of (4.22) prescribes a coordinate jump across the plane of discontinuity as given in (4.3). The second of (4.22)
assigns traction t at the core surface corresponding to constant radial Cauchy pressure p, with e, a unit vector in the
radial direction. Traction along the core must be a uniform pressure to maintain consistency with symmetry in ansatz (4.1).
External boundary conditions are

Ro
tl,—r, = 0; / t*rdrdd
L]

The first of (4.23) prescribes traction free conditions on the surface of the cylinder at » = Rj. The second of (4.23)
prescribes either null average axial force for a cylinder of finite length, or no average axial strain for an infinite cylinder.

An iterative solution procedure in Eulerian coordinates is invoked, similar to that of Vladimirov et al. [86]. The primary
difference between the present isotropic nonlinear elastic analysis of the wedge disclination and that in [86] is that here
a different strain energy potential W is used. A second difference is that possible core pressure is considered, in contrast
to [86] that treated the core in a different way. Core pressure was omitted in prior linear solutions [30,32]. Equations (3.34),
(3.36), and (3.37) apply. Internal boundary conditions are of the assumed form

=0 or s(z) =0 as L — oo (4.23)
z=+L/2

w = kw, p = kp, (4.24)
which is justified by the vanishing of @ with p. Displacement (3.34) applied to (4.1) and (4.7) results in

u(r) = kug(r) + K2uy (), w(0) = kwy(0) = kwb/(27), s(2) = kso(2) + k*s1(2), (4.25)
where w is necessarily truncated at first order to satisfy the first of (4.22), with

w = kwg., w = kw. (4.26)

With respect to curvilinear cylindrical bases {G 4, g" }, the inverse deformation gradient matrix on B\& is

R0 O 1 — kuj, — kK*u 0 0
F4=10 © o0]= 0 1— ku 0 . 4.27)
o o0 Z 0 0 1 — ks) — k*s)

In physical components, i.e., orthonormal bases {e,, E 4 }, (A.36) becomes

1 — kuf) — k*u} 0 0
[F ] = 0 (1 — kug /r — k2uy /r)(1 — kw)) 0 , (4.28)
0 0 1—ks) — k*s)

noting that \/G/g = R/r = 1 — u/r. Volume ratio is
J =1 = kul) — E*u))(1 = kug /r — Euy /r)(1 — kw)) (1 — ks — k*s})
= 1= k(ug +uo /7 +wh + ) + O(k?). (4.29)
In physical cylindrical components, strain tensor D is, from (3.28) and (4.28),

D =DrrEpr @ Ep + DooFEo ® Eo + DzzE; @ Eyz; (4.30)

www.zamm-journal.org © 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



498 J.D. Clayton: Defects in nonlinear elastic crystals

Drp = ku + k> (u] — $uf}), Dy = ks + k(s — §s),
Doo = k(wj +uo/r) + k> [ur /1 — L (ug/r)* — Swff — 2wjug /7], (4.31)

where terms O(k?) have been truncated. Strain energy potential per unit reference volume (C.7) is used, truncated at third
order, leading to (3.47) which also applies here. Stress S = W /0D is, omitting terms of O(k?),

S:SRRER ®ER+S@@E@ ®E(—)+§22Ez ® Ey; 4.32)

Srr = k{(A+ 2u)uf + Muo /7 + w) + s{)}
+ RN+ 20) (u) — i /2) + M /r+ 8§ = 5 [(uo/r)* + wf + s7] — 2wfuo/7)
+ 5 (D1 + 602 + 8D3)uf + (D1 + 200)[(w) + uo/r)* + 5§
+ 2u) (ug /7 + w) + s)] + D18y (uo /1 + wj) }y (4.33)
Soo = K{(A+20) (wf +uo/r) + Aluj + 55)}
+E{A A+ 20) (wr /1 — 5 [(uo /1) +wi] = 2whue /1) + Au] —uf /2 + 5] — s /2)
+ L (01 + 60 + 803) (w) + ug /7)?
+ 3 (01 + 200)[ulf + s + 2(u) + sh)(wh + uo /7)) + Drufsp (4.34)
Szz = k{(A+2u)s) + Mufy + w) +uo/7)}
+k {(A+20) (s — s/2) + A(uf 4+ ui /r — Luf + (uo/7)? + wiF] — 2w)ug /T)
+ 5 (01 + 60y + 803) s
+ %(f/l +209) [uf? + (wh + ug /1) + 2(w) + uh + ug /r)sh] + Druf (wh + uo 1)} (4.35)
Using (4.28) and (4.29), Cauchy stress 0 = J ' F~TSF~! is, omitting terms of O(k?),
0=0,€ Qe +0pe) ey +0..e Qe;; (4.36)
orr = k{(XA+ 2p)ug + Muo /1 + wy + s0)
+ K {(A 4 20) (u] — uf’ /2) + N /r + s — S [(uo/r)* + wi + si] — 2whug /1)
+ 1(01 + 60y + 8D3)uf + L (01 + 200)[(wh + ug/r)? + s
+ 2uq (uo /7 + wy + 50)] + D150 (uo /7 + wp)
— [N+ 2p)uf + Xuo /17 + w)y + ()] (Bug + uo /17 + w) + ()}, (4.37)
a9o = k{(A+ 2p) (wg + uo /1) + Mug + s0)}
R {4 20) (w1 /r = 5 [(uo /1) +wi] = 2whue /1) + A(u] — uf /2 + 5] — s /2)
+ %(ﬁl + 609 + 803) (W) + ug /1)*
+ 3 (01 + 200)[uff + 5§ + 2(ug + o) (wh + o /)] + Prupsh
— [N+ 2p) (w), + uo /1) + AMug + sp)](uf + 3ug /T + 3w + ()}, (4.38)
0.0 = k{(N+2u)sy + Muj +w) +ug/r)}
+ B {(A+20)(s) = s5°/2) + My + o fr— 5 [ug + (uo/r)* + wi] — 2wpuo /r)
+ 201 + 600 + 803)sf
+ 5 (01 +209) [ug’ + (w + o /7)* + 2(wf) + uf +uo /r)sy] + Prug (wh + o /7)
= [(A+20) s + A(ug +uo /1 +wp)] (ug + uo /T + wh + 3s() }- (4.39)
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These stress components are consistent with (3.36). Applying (A.39) in spatial physical components, equilibrium equations

V -0 = 0 reduce to
Oy + (O’,«,- — 099)/7‘ =0, Opogy = 0, 0.0,, =0. (4.40)

Since w(, = constant, Cauchy stress depends potentially only on r and z, so the second of (4.40) is trivially satisfied.
First consider equilibrium conditions corresponding to stress components linear in &, i.e., the first of (3.37), where

o0(r; 2) = [(A+ 2u)ug + Muo /r + wy + sp))e, @ e,
+ (A +2u) (wh + w0 /1) + Mug + 5o)]es © ey
+ [N+ 2p)s + M) +uo /T + w))]e. @e.. (4.41)
The first order (i.e., linear in k) axial equilibrium equation produces, with s,(0) = 0 to fix translational invariance,
0.(00).. =0=s) =0 = 8) = c32, (4.42)

where ¢3 is a constant determined by boundary conditions on ends of the cylinder. Thus oy = o (r). The first order radial
equilibrium equation becomes

(A 2p) (uf +up/r —ug /r?) = 2w} /7. (4.43)

This is an inhomogeneous second-order ordinary differential equation of Cauchy-Euler type, with general solution to the
homogeneous equation of the form ¢; + ¢o /r and total solution

ug = 17 + ¢ /7 + [pw) /(A + 2p)|r Inr. (4.44)
Applying boundary conditions (¢ ), |r=r, = —p and (0¢),r |r=r, = 0, the solution is

2 2
I , RiIn Ry —rgInnrg

=x(1—-2v) —w,/2 —vey — )\+2Mw0 =12 , (4.45)
A+ M R2r? Ry
= xR~ gt g s x = /@l /(RS - )] (4.46)
Substituting into (4.44), radial dlsplacement in the linear solution is
w w 1—2vRiInRy—rilnr
= |- +(1-2v)x —vey — —
o { 47r+( V)X~ ves 4 1—v Rgfrg "
. 1 w R Ry| 1 w 1—2v
R — — 00 =4 |= Inr. 4.47
+|:X0 —vdr R —r} e el R (447
Constant c3 = s{, can now be determined for either of the conditions in (4.23). For vanishing average axial stress,
O=+7 =Ry
/ / (00),,rdrdd =0 = c3 = —2vx/(1 +v), (4.48)
=7

meaning that positive core pressure leads to axial contraction for v > 0. For the infinitely long disclination line, c; = 0,
and the linear elastic stress field is

(00 )or = pow o g W RIn Ry — r%lnro
0Jrr 1—v2r 1—vor Ro r()
2.2
5 woow  Rirg Ry | 1
- |:2[LXRO - -0 % R% — rg n 7“0:| sz + 2#)(, (449)
i nooow R% In Ry —7"(2) Inrg
= 1 1 — -
(70)00 1—1/27r(nr+ ) - 1—v2m R%—ré
p w  Rrd Ry| 1
20y R2 — — In — | = +2uy, 4.50
+[HX0 1—u27rR%—T3nT0 7“2+MX 30
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2up w REIn Ry —rd Inrg
1—v2r R} — 13

This solution agrees with [30] when the core is neglected such that 7p — 0 and x = 0, in which case strain energy per unit
length is u(kwRy)?/[167(1 — v)]. All components of & are linear in w or  such that k factors out of the final solution
ko 0-

Henceforth, only the infinitely extended disclination line geometry is addressed, which corresponds to sy = s; = 0 and
z = Z, and the solution is independent of z. First-order stresses (linear in k) for this case are (4.49)—(4.51). Now consider
equilibrium equations for stress components quadratic in k, i.e., the second of (3.37). From (4.37)—(4.39),

(00). = — 2 (2Inr + 1) —

dvpy. 451
1—von +AvEX “4.51)

o1(r) = [(A+2u)u) + Aui /rle. @ e, + [(A+ 2u)ur /1 + Iujles @ eq
+ M) +ui/r)le. ®e., (4.52)

7(r) = {3 (1 + 602 + 803 — TA — Mp)uf + (01 + 205 — 4N — 2p)ufug /v
+ L (01 + 205 — 3N (uo/r)* + 5 (01 + 205 — 3N)w(}
+ (01 + 200 — AN = 2p)ujw) + (01 + 200 — AN wjug /r}e, @ e,
+ {%(f/l + 209 — 3N)ul + (D1 + 200 — A\ — 2p)ulug /7
+ L (D01 + 605 + 805 — TA — 14p) (uo /r)? + 5 (91 + 60 + 805 — TA — 1dp)w(’
+ (01 + 209 — AN — 2p)ujw) + (21 + 602 + 805 — 8\ — 16p)wjug /1}ey ® ey
+ {1 (01 + 205 — 3N)uf + (01 — 2\ )ufug /1 + % (D1 + 200 — A)(ug/r)?
+ L (01 + 200 — Nl + (71 — 2\ ujw) + (01 + 2\ wjug /rle. R e.. (4.53)
The radial component of second-order equilibrium equation in (3.37) is
0, (01 4+ 7)rr + (01 + 7)ry — (01 + T)oo]/r = 0. (4.54)

Substituting from (4.52) and (4.53), this becomes an inhomogeneous second-order ordinary differential equation of Cauchy-
Euler type:

u) +ul /r —ui/r* = By /r + By /r® + By /r’ + By(Inr)/r; (4.55)

1
Bl = )\ T 2 [20104(21/1 + 10V2 + 81/3 — 11X — 16,&)

+ ¢4 (201 + 100y + 1203 — 13X\ — 23p) — w(? (20 + 45 — 2\ — Tp)

— 4clw6 (ﬁg + 2193 — A= 4#) + 204’11)6 (ﬁl + 2192 — 4\ — [IJ)], (456)

4 N N

B, = —mq [eap — wl(Dy + 203 — X — 3u)], (4.57)
4 2 A~ A~

B3 = 7mCQ(>\+5,LL72V2 741/3), (458)
4

B4 = —m04[64(191 + 4&2 —|—4l>3 — %A — 8/.L) — w(’](f/g + 2&3 — A — 4M>, (459)

1-2
= —H ¥ _ ve wh =2 (4.60)

,u+2)\%_ 1—v 41’ 21

The homogeneous general solution to this equation is of the form C;r + Cy/r. The particular solution is found using
Lagrange’s method, which when added to the homogeneous solution gives the total general solution

ur(r) = ClT+&+é+A2TIHT+A3T1H T+A41nTT 4.61)

Ay =Bs/8, Ay =(2B; —B,)/4, As=DB,/4, Ay=—B,/2. (4.62)
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Consistent with boundary conditions and the second of (4.24), applying the vanishing second-order traction end conditions
(01)rr = =7y atr =1 and r = Ry gives

D, N 1
A+p) 200+ p)(1 - R§/r5)
+ Dy[(R%/r2)In Ry — Inrg] + Ds[(R2/r2)In* Ry — In® 1]

{Ds[1/(Roro)* —1/rg]

1= -3

+ Dg[(In Ry)/rg — (Inrg) /7], (4.63)
cy=D2 ! {D3[1/Ry — 1/r}] + DyIn(Ry /7o)
Po2p 2p(1/RE — 1) RO T
+ Ds [ln2 Ry — In? r0] + Dg[(In R(])/Rﬁ — (In r(])/rg]}; (4.64)

Dy = (A +2p) Ay + (01 + 205 — 4N)(2¢1 + cq)w), — 2u(cr + cq)wy))
+ 2(D01 + 205 — 3N wf? + (201 + 605 + 405 — IX — )

+ (201 + 81 + 805 — 11\ — 16p)cica + & (D1 + 600 + 805 — TA — 14p)ed, (4.65)
Dy = (A +2p) Ay + 2ucow), — 2(205 + 403 — 2\ — Tp)cyco

— (40 + 85 — 3\ — 12u) ey, (4.66)
Dy = —2(A+3u) A1 + 5 (405 + 805 — 2\ — 10p)c3, (4.67)
Dy = (A +2p)(Ag + 243) + XAy + 2(201 + 60 + 403 — 9N — Yu)cicy

+2(01 4 205 — 4N — p)egw) + 5 (50 + 1805 + 1605 — 25X — 32u)c], (4.68)
Dy = 2(\+ ) Az + £ (301 + 100 + 803 — 15X — 18y)c?, (4.69)
Dg = —2uAy — 2(209 + 43 — 2\ — Tu)cocy. (4.70)

Second-order contribution to radial displacement u; is now fully determined. The total displacement and stress fields are
u(r) = kug (r) + k*up (1), o(r) = koo(r) + ko (r) +7(r)], 4.71)

where u is given by (4.47) with c3 = 0, u; by (4.61), oy by (4.49)—(4.51), 1 by (4.52), and T by (4.53). Second-order
contributions are proportional to w?, x?, or w; recalling that Y « p = p/k and w = ©/k, k does not affect the final
solution.

The complete solution depends on 9 parameters: geometric constants (&, rg, Ry), elastic constants (\, u, 1, 75, 73), and
core boundary condition p. General closed form expressions for stresses and displacements in terms of these parameters
have not been obtained due to the algebraic complexity of the solution, but numerical values could be found using a
computer program for a fixed set of parameters. Energy per unit length ¥ = 27 TE’? J! (T)W(T)Td?" similarly has not
been obtained in closed form, but could be integrated numerically. Further examination of the solution using numerical
methods is reserved for future work.

5 Point defect

5.1 Geometric description

Consider a deformed body B with boundary 9%5. In the reference configuration, the image of this body and its boundary are
B and 9B . Spherical coordinates covering B and B, are (r, 0, ¢) and (R, ©, ®) and are described fully in Appendix B,
including basis vectors; Cartesian coordinates are (z,y, z) and (X, Y, Z).

An Eulerian description of deformation is invoked, in contrast to previous works that used Lagrangian descriptions
[57,62,72], and a different strain energy potential (W rather than W) is also used here. The point defect is treated as a
singular center of dilatation or contraction at point p € ‘B located at the origin of the spatial coordinate system. This defect
could physically correspond to a vacancy, interstitial, or substitutional atom, or an inclusion of small size. The general
ansatz for deformation due to a point defect in an isotropic body is of the spherically symmetric form

R(r) =7 —u(r), 0(0) =0, O(9) = ¢. 5.1
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Radial displacement is u(r), positive for dilatation and negative for contraction. Rigid body translation is excluded, restrict-
ing u(0) = 0 such that p, the referential image of p, also occupies the origin of the coordinate system on By.
In curvilinear coordinates, the inverse deformation gradient from (5.1) is

F'=F''Greog +F ')Go®g" +F '2Gs ® g°
=1 -u(Gr2g +Go®g’ +Go 2g°. (5.2)

Volume ratio is

J = (R*/r*)det F~' = (1 —u)(1 —u/r)* >0, (5.3)
noting that \/G/g = R?/r> = (1 — u/r)?. Applying the first of (2.49) in curvilinear coordinates,

F ' =F- il = prlApE g, @ gt (54)
The second of (2.50) applied to the singular point defect is, with g/ the shifter,

FI™l = J-13g 9 g° = 134G, © g, Fl-LA — gl-1/344, (5.5)

JT =1 6v6(2)8(y)d(2) = 1 — svd(r). (5.6)

Inelastic volume change induced by the defect is measured by scalar constant §v that can be positive or negative. The
spherical Dirac delta function is 6(r) = §(«)d(y)d(z), differing from that used for cylindrical coordinates in Sect. 3 and
Sect. 4. Therefore,

F(X)=FYX) VX € B\po, Fl(x)=F'(x) VreB\p (5.7)

Vector 9 entering Burgers vector integral (2.52) is of the spherically symmetric form ¥ = ¢(r)d(r)g, . For an area element
of a spherical shell with unit normal g,., the differential form of (2.52) is db(r) = ¢(r)d(r)rg,da = o(r)8(r)r? sin 0d0dog, .
Integral | db then vanishes identically for a point defect at » = 0, but does not always vanish for a different coordinate
system, similarly to the case for the disclination in Sect. 4.1.

5.2 Nonlinear elastic analysis and general solution

A nonlinear elastic boundary value problem for the point defect is constructed as follows. Let body B consist of an elastic
sphere of outer radius R, with the ball 0 < r < 7y removed. Body B is simply connected, as is its image in the reference
configuration, 8. Region r < ry is called the core of the point defect, and is elastically rigid, i.e., FE =1 forr < r.
Deformation of the core region is inelastic or residual:

Follicy, =F"' =J" g, 09", J' =detF', (5.8)

where the determinant applies in a coincident spatial basis {g,,g"} [15]. Spatial volume of the defect core is vy = %71’7“8;
referential volume of the core is, from (5.6),

Vo = / J e = / [1—6vé(r)]dv = vy — Sv. (5.9)
U0 Vo

Displacement boundary conditions are imposed on the elastic body at its inner surface » = r( such that the volume of a

spherical shell of radius 7, and constant thickness 7 is equal to the volume change induced by the core:

dv = 4nrid, i = u(ro). (5.10)

Condition 7 > 0 corresponds to a referential core of radius smaller than r(, leading to radial expansion of the surrounding
elastic medium in the current configuration. Conversely, 7 < 0 corresponds to a referential core of radius larger than r,
leading to radial contraction of the surrounding elastic medium in the current configuration. Requiring V;, > 0 leads to
constraint 1) < 79 /3.

The solution procedure parallels that of Sect. 4.2, with spherical rather than cylindrical symmetry. Equilibrium equations
are solved on ®B, which excludes region r < 7( and therefore excludes singular point p. From (5.7), in this domain the strain
energy function in (2.53) becomes

W =W (F) = W[D(F)] = W[E(F)], (5.11)
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where W is used in the solution that follows. Equations (3.28)—(3.31) apply. Internal and external boundary conditions are

u|r:r0 = ’f]; t|7‘:R0 = (UTT|T:RO )gr =0. (512)

The first of (5.12) prescribes radial displacement at the core consistent with inelastic volume change of the core. The second
of (5.12) enforces vanishing traction on the external part of 8.

An iterative solution procedure in Eulerian coordinates is invoked. Equations (3.34), (3.36), and (3.37) apply. Internal
boundary conditions are of the form

N = kn. (5.13)
Displacement (3.34) applied to (5.1) results in
u(r) = kuo(r) + kuy (r). (5.14)

In physical components, i.e., orthonormal bases {e,, E4 }, (5.2) and (B.36) become

R 0 0 11— 0 0
[Flunl=10 R/r 0= 0 1-ur 0 |. (5.15)
|0 0 R/r 0 0 1—u/r
Substituting from (5.14),
1 — kul) — kW 0 0
F ) = 0 1 — kug /1 — E*uy /1 0 7 (5.16)
i 0 0 1 — kug/r — k*uy /7
and (5.3) becomes
Jt = det[F@lw] = (1 — ku) — E*u})(1 — kug /r — K*uy /r)* = 1 — k(uf + 2uo /7). (5.17)
In physical spherical components, strain tensor D is, from (3.28) and (5.16),
D =DppEr ® Ep + DooEg ® Eg + Dyg Ey @ Eg; (5.18)
Dpp = kuj + k*(u} — $u?), Dee = Doo = kug/r + k*[ur /7 — L (ug/r)?], (5.19)

where terms O(k?) have been truncated. Strain energy potential per unit reference volume (C.7) is used, truncated at third
order, leading to (3.47) which also applies here. Stress S = W /0D is, omitting terms of O(k?),

S =SrpEr @ Ep + SeoFEo ® Eg + SooEo @ Eg; (5.20)
Srr = k{(X\ =+ 2u)u} + 2 uy /r}
+ RO+ 200) (u) — g /2) + 2A\[un /7 — 5 (uo /7)]
+ 5 (01 + 605 + 803)uf + 2(01 + D) (uo /r)* 4 2(01 + 209 )ufug [T}, (5.21)
Soo = Sea = k{(2\ + 2u)uo /r + Auj}
RN+ 20) s /r — /)] + A — 2 /2)
+ L0y + 200)u? + 2(01 + 300 + 208) (uo /1) + 2081 + Do )uyug /1) (5.22)
Using (5.16) and (5.17), Cauchy stress ¢ = J ' F~TSF~! is, omitting terms of O(k?),
0=0,6 Qe +oppey ey + o0y D ey (5.23)
orr = k{(\+ 2p)uf + 2 ug /1}
FRR{+ 20 (0], — /2 + 2 fr— b (o))
+ L (01 + 605 + 803)ufl 4+ 2(01 + Do) (uo/r)* + 2(01 + 20 )ufug /7
— [N+ 2p)u)y + 2Xug /7] (Bugy + 2ug/7)}, (5.24)
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09 = 0ps = k{(2XA + 2p)u /T + My }
+ RN+ 20w fr — 5 (uo /7)) + Nuf —uf /2)
+ L (01 + 200)uf + 2(01 + 300 + 203) (uo /1)* + 2(D1 + Do)ufug /7
= [(2X + 2p)ug /1 + ) (wy + dug /1) } (5.25)

These stress components are consistent with (3.36). Applying (B.38) in spatial physical components, equilibrium equations
V -0 = 0 reduce to, in the absence of shear stress,

6,,0',,,, + (20’,,,, — 0y — UG>G>)/T = 0, 890'99 =+ (0’99 — 0'(;‘)(;‘)) cotf = O7 3(;50@@ =0. (5.26)

Noting that ¢ = o(r) and ogg = 044, the second and third equilibrium equations are trivially satisfied, and radial equilib-
rium becomes

do,, /dr + 2(o,.. — o) /r = 0. (5.27)
First consider equilibrium conditions corresponding to stress components linear in &, i.e., the first of (3.37), where
oo(r) = [N+ 2p)uy + 2X\ug /r)e, @ e, + [(2A + 2p)ug /1 + Mg (g @ ey + es @ eg). (5.28)
First order radial equilibrium equation (5.27) becomes
(A + 2p) (uf) + 2uf /r — 2ug /r?) = 0. (5.29)
This is a homogeneous second-order ordinary differential equation of Cauchy-Euler type with general solution
uy = c17 + ¢ /7. (5.30)

Applying boundary conditions u (ro) = n and (0¢),|,—=r, = 0 consistently with (5.12) and (5.13), the solution is

Aprgn (BX+2u)rin
Cl = 37H3 0 Cy = 3 (531)
[((BA+2p) + 4p(ro / Ro)*| Ry 3A+2p +4p(ro/Ro )’
First order stresses become
(00)rr = (BX+2u)er — dpca /1%, (00)00 = (00)ps = (BA + 2u)er + 2pucy /77 (5.32)
First-order pressure is — %trao = —3Kc,with K =\ + % 1 the bulk modulus. Displacement v, and stresses (5.32) are

linear in np = 7)/k, so k does not affect the solution, which agrees with previous derivations [14,81]. Strain energy density
is

W = Lk20) : Dy + O(k*) = 2k2[(3X\ + 2u)¢} + 4ucd /r®] + O(K?). (5.33)

— 2

Integrating over 8 and dividing by total volume of the elastic sphere minus core gives the average strain energy density in
the linear approximation

3 / —1y7 3 7.2 2 2 3 3
A JT Wdo = 2k [(BN + 2u)ci + 4pcs /(Roro)®] + O(K?). (5.34)
47T(R(?} 77,3) % ) [( 1 2 0 0) ] (

Now consider equilibrium equations for stress components quadratic in k, i.e., the second of (3.37). From (5.24) and
(5.25),

o1 (r) =[N+ 2p)u] +2X\u; /r)e, @ e, + [(2A + 2p)uy /1 + M ](eg @ eg + es @ ey), (5.35)
T(r) = {3 (01 + 602 + 803 — TA — Mp)uf + 201 + 200 — AN — 2p)ufug /7
+ (201 + 2 — 5)\)(ug /)% }e, @ e,
+ {1 (01 + 200 — 3N)uf +2(21 + 09 — 3N — pujuo/r
+ (201 + 61 + 45 — 9N — ) (up /1) }es @ ey + e, @ €y). (5.36)
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Second-order equilibrium equation (5.27) is
d(o1 + 1)y /dr + 2[(o1 + T)pr — (01 + T)es]/7T = 0. (5.37)

Substituting from (5.35) and (5.36), this becomes an inhomogeneous second-order ordinary differential equation of Cauchy-

Euler type:

18(2&2 + 4173 — A= 5#)03
(A +2p)r7

/
w428 2l (5.38)
r r

The general solution to the homogeneous equation is of the form C;r + Cy /r?; adding this to the particular solution gives
the total solution

up = Crr + Cy/r* + Ay /1, Ay = [(209 + 405 — X — 5p)es] /(N + 2u). (5.39)

Consistent with boundary conditions (5.12) and (5.13), applying second-order end conditions u; (r9) = 0 and (1), =
—T,r atT = Ry gives

Ay 1 3K A, B, | Bs
VST T SK  dut /Ry [ w TUTRTR 040
1 3KA1 g BQ’I“3 Bg’l‘3
C — _ i i B 3 A() .[) . 541
* 7 3K +4u(ro /Ry )? [ o O TR TR G4D
By = —$ci (991 + 180 + 803 — 33X — 22p), (5.42)
By = 4cic9 (3172 + 405 — 3\ — 8/,6), (5.43)
B3 = —c3[60y + 1605 — 3A(1 + Ay /c3) — 10u(2 + A, /c3)). (5.44)

Second-order contribution to radial displacement u; is now fully determined. The total displacement and stress fields are
u(r) = kug(r) + kuy (r), o(r) = koy(r) + ko (r) +7(r)], (5.45)

where u is given by (5.30), u; by (5.39), o by (5.32), o1 by (5.35), and T by (5.36). Second-order contributions are
proportional to 7)”; recalling that n = 7)/k, k does not affect the final solution.

5.3 Solution for ideal crystal with Cauchy symmetry

The complete solution depends on 8 parameters: geometric constants (r, Ry ), elastic constants (X, y1, 21, D5, 13), and core
boundary condition §v = 4r37). The solution is further examined for a reduced set of parameters. The geometry and
displaced core volume can be expressed in terms of dimensionless parameters A and 7:

A=Ry/ry > 1, no = N/ro = dv/(4nry) < 1/3. (5.46)

Imposing Cauchy symmetry on the elastic constants as in Sect. 3.3, (3.85) applies, which reduces independent elastic
constants to K and K’. The reduced set of 5 parameters entering the solution is now (A, g, 70, K, K’). Noting that all
coefficients of displacement depend only on dimensionless ratios of elastic constants, normalized radial displacement u/r
versus 7/ depends only the set of 3 parameters (A, 1, K’). Since stress components are linearly proportional to an elastic
constant, dimensionless stress /K versus r/r( also depends only on this set, as does normalized volume change

AV (4/3)7R) — (4/3)7[Ro — u(R)]* _ A = [A —u(Ro)/ro]’
v 47‘(7'(2)77 N 377() '

(5.47)

Normalized radial displacement u/r( is shown versus Eulerian radial coordinate r in Fig. 4. The effect of core displace-
ment is shown in Fig. 4(a) for an elastic sphere of size A = Ry/ry = 100 and K’ = 4: dilatation (i.e., radial expansion)
increases with increasing 7y but decreases rapidly with increasing r. Recall that 17y > 0 corresponds physically to a large
substitutional atom or interstitial, while 1y < 0 corresponds to a small substitutional atom or vacancy. The effect of non-
linear elastic constant K is shown in Fig. 4(b) for 19 = 0.3 and 7y = —0.3: dilatation increases with increasing K’ for
19 > 0 and radial contraction decreases with increasing K’ for 1y < 0. The effect of sphere size Ry is shown in Fig. 4(c)
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Fig. 4 Total radial displacement for point defect: (a) variable core displacement 7 (b) variable K’, ny = 0.3, —0.3 (c)
variable sphere size Ry = Ary with 0 = 0.3 (d) variable sphere size Ry = Ary with py = —0.3.

0o ' . . 06 - ‘
I
] —_ n=03 1
0.4 ,:‘ AAAAAAAAAAAAAAAA ne= 0.1 |
S P 1=-0.1
S n=-03 1 1
X
g
& .
02§ | ! -
i
o4 | 04} 1
o =l A=100,K' =4
06 ‘ ' ' £ : | |
5 10 15 20 g 10 1 20
rlry rir,
@ (b)

Fig. 5 Cauchy stress for point defect with K’ = 4 and A = 100: (a) radial stress (b) circumferential stress.

and Fig. 4(d) for g = 0.3 and ny = —0.3: for A > 100, radial displacements are indistinguishable. For A < 10, increased
magnitudes of u are observed since the unconstrained surface at Ry is closer to the core.

Normalized Cauchy stress field o/K is shown in Fig. 5 for A = 100 and K’ = 4. Radial stress o, is shown in
Fig. 5(a), circumferential oyy = 044 in Fig. 5(b). Maximum magnitudes at = r( are on the order of K /2. Radial and
circumferential stress components are of opposite sign and decay rapidly within r < 107.

Nonlinear and linear solutions for stress and normalized volume change are compared in Fig. 6 and Table 2, respec-
tively. Stress components shown in Fig. 6 correspond to fixed parameters A = 100,17, = —0.3 (linear and nonlinear) and
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Fig. 6 Nonlinear and linear elastic solutions for stress

Wy field of point defect with A = 100 and 0 = —0.3.

K’ = 0,4,8 (nonlinear). For K’ = 4, stresses obtained from the nonlinear solution are almost indistinguishable from
corresponding stresses of the linear solution. For K’ # 4, differences among stress predictions are evident near the core,
e.g., for r < 5ry. Solutions for normalized volume change in Table 2 are obtained using (5.47). The linear solution [14,81]
is AV/év = 3(1 — v)/(1 + v); this yields a value of 2 when v = . As shown in Table 2, volume change is strongly
affected by elastic nonlinearity. For a material with K’ differing substantially from 4, nonlinear theory should be used to

predict volume change from point defects, even though stress components may not differ significantly between linear and
nonlinear solutions for r 2 5ry.

Table 2 Volume change AV/§v for point defect, A = 100.

70 K'=0 K =2 K =4 K =6 K =8 linear
0.3 0.00 0.93 1.85 2.78 3.70 1.80
0.1 1.20 1.51 1.82 2.13 2.43 1.80
-0.1 240 2.09 1.78 1.47 1.17 1.80
-0.3  3.60 2.67 1.75 0.82 -0.10 1.80

6 Conclusions

A nonlinear differential geometric framework of defective crystals has been presented, incorporating a multiplicative de-
composition of the deformation gradient into up to three terms and an additive decompostion of a linear connection de-
scribing covariant derivatives of a field of lattice director vectors. This theoretical framework has been applied to describe
three different singular defects: the screw dislocation, the wedge disclination, and the point defect. Inelastic deformation
is quantified for each defect using generalized functions in the sense of Gel’fand and Shilov, wherein singular parts of
the deformation gradient are defined as inelastic. This particular application of the multiplicative decomposition of the
deformation gradient for singular defects in the nonlinear theory is original. Analytical second-order solutions have been
obtained in the context of isotropic compressible nonlinear elasticity. These solutions are all new, incorporating an elastic
potential depending on an Eulerian strain measure in material coordinates with elastic constants up to third order. The iter-
ative solution procedure used herein omits, in the stress components, products of orders three and higher in certain strain
gradient components. Thus the present solutions are expected to be reasonably accurate when such higher-order products
are small, though exact solutions are not available for comparison. For the screw dislocation, radial displacements and
dilatation are strongly affected by elastic nonlinearity and core pressure, while stress fields tend to converge to linear elastic
solutions within a radial distance of 10-20 lattice parameters from the core. For the wedge disclination, effects of core
pressure on radial displacement and stress fields that have not been presented in previous linear or nonlinear analyses are
included. For the point defect, radial displacement and stress decay rapidly with distance from the core, but total volume
change in the body due to the point defect depends strongly on elastic nonlinearity.
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Appendix A: cylindrical coordinates
Reference cylindrical coordinates { X*} are

(X', X%, X*) = (R,0, 7). (A.1)
Let X denote the position vector measured from the fixed origin:

X(R,0,7Z)=RGr + ZGy. (A2)
Natural basis vectors are

Gy =04X; Gr(©) =0rX, Go(R,0)=0sX, Gz=0zX. (A.3)

The metric tensor with components G453 = G4 - G and its inverse are

1 0 0 1 0 0
Gapl= |0 R* 0o, [G*"]=|0 1/R* o]. (A4)
0 0 1 0 0 1

Contravariant basis vectors are

G'=6'""Gz; GFO)=GR, G°(R,0)=(1/R)Ge, G?=G,. (A.5)
Physical (dimensionless unit) basis vectors are

Ey =G4/\/Gau; Ep(0)=Gr, Eo(©®)=(1/R)Go, E;=Gy. (A.6)

Since cylindrical coordinates are orthogonal (E 4 = E*), there is no need to distinguish between contravariant and covari-
ant physical components. Cylindrical coordinates are related to Cartesian coordinates as follows:

X =Rcos®, Y =Rsin® X =XEy+YEy +ZEy; (A7)

Er =cosOFEx +sinOFEy, FEg =—-sinOFEx +cos©OFEy, E; =FE; . (A.8)

Spatial cylindrical coordinate chart {«*} has coordinates

(z', 2%, 2%) = (1,0, 2). (A.9)
Let « denote the position vector measured from the fixed origin:

x(r,0,z) =rg, + 2g.. (A.10)
Natural basis vectors are

9o =0.z;  g;(0) =0z, gy(r,0) =z, g.=0.x. (A.11)

The metric tensor with components g,;, = g, - g» and its inverse are

10 0 1 0 0
9] = [0 2 0], [g"]=1]0 1/r* 0. (A.12)
00 1 0 0 1
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2 J. D. Clayton: Defects in nonlinear elastic crystals

Contravariant basis vectors are

9'=9"g; g O) =g, ¢'00)=(1/r")g g =g..
Physical basis vectors are

€ =90/V0ua;  e(0)=g,, e(0)=(1/r)gy, e.=g..
Cylindrical coordinates are related to Cartesian coordinates as

T =rcosb, y = rsinb,; T = ze, + ye, + ze.;

e, = cosfle, +sinfe,, ey = —sinfe, +cosle,, e.=e..

In this paper, coincident Cartesian frames are used such that E4 = 6% e,:

EX =€y, EY :eyy EZ =e€,.

Mixed variant components of the shifter tensor between reference and spatial systems are [14, 15, 35]

gi(z, X)=(g",Ga);  g'(x) = g4 G*(X);
where (-, -) denotes a scalar product. Using (A.17), it follows that
9r(0,0) = (g"(0),Gr(O)) = e, (0) - ER(O)
= (cosfe, +sinfe,) - (cosOEyx +sinOFy ) = cos(fd — O).

Applying similar calculations, the matrix of components of ¢4 (r, 0; R, ©) is

9r 96 9z cos(6 — 9) Rsin(f — ©) 0
941 = |g% gb o] = |-(1/r)sin(0—©) (R/r)cos(d—©) 0
Ir 96 97 0 0 1

The inverse of [g%] is [g2'], such that g% g;* = &¢":

gt glt g% cos(f — O) —rsin(@d —©) 0
b1 = 19 9§ ¢°|=|(1/R)sin(@—©) (r/R)cos(6—©) 0
g 9 97 0 0 1

Letting G = det[G 4 5] and g = det[g,], determinants obey
detlgh] = /G/g=R/r,  detlg)| =\/9/G=r/R.
In cylindrical coordinates, deformation © = @ (X)) is of the form
r=r(R,0,7), 0=6(R,0,2), z=2(R,0,2).
Referred to natural bases {g,, G}, the deformation gradient is
F=0:22G" =0,2"g, ®G" = Flyg, ® G
=0pr g, @G + 067 g, ® G® + 07 g, © G7
+0r0 g0 ® G + 000 gy © G° + 020 gy ® G”
+0r2g9. G +0029. ©G® + 972 g. © G7.
Referential and deformed volume elements

dV = VGdX'dX?dX® = RARIOJZ, dv = \/gdz'dz’dz® = rdrdfdz

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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(A.24)
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are related through the Jacobian determinant
J =dv/dV = det[F"]\/g/G = det[0a2] det[g”] = det[d12"](r/R). (A.26)

Using (A.5), (A.6), and (A.14) to convert natural bases to orthonormal bases {e,, F 4 }, the two-point deformation gradient
in physical components is

F=Fg,ie, ®E,
=0gre QFER+ (1/R)0ore. @ Eg +9yr e, @ Ey
+71r0r0 ey @ Ep + (r/R)0ob ey @ Eg + 10,0 ey @ Ey
+0rze. @ Ep+ (1/R)0oze. @ Eg +0zze. ® Ey, (A.27)
where physical scalar components are written in angled brackets. The Jacobian is
J = det[F, 1)) (A.28)
Using the shifter (A.21), the deformation gradient can be expressed completely with respect to Lagrangian bases:
F=0,2(gPGp)® G* = [0,2°¢% 1G5 © G
= [Oprcos(f — ©) — rdz0sin(f — ©)|Gr @ G

+ [@o7 cos(f — ©) — rdefsin(d — ©)|Gr @ G°

0 —0)
+ [0z7 cos(f — ©) — rdz0sin(f — O)|Gr @ G?

+ [(1/R)drrsin(d — ©) + (r/R)Irb cos(f — ©)|Ge ® G~

+ [(1/R)dorsin(f — ©) + (r/R)0o 0 cos(d — ©)|Geo @ G°

+[(1/R)dzrsin(f — ©) + (r/R)3z0 cos(§ — ©)|Ge ® G*

+[0r2]Gz ® GF + [002]G7 @ G® +(072]G7 @ GZ. (A.29)
In physical components this becomes

F=FupEs® Ep

= [Oprcos(f — O) — rdr0sin(d — O)|Er @ Ep
+[(1/R)der cos(6 — ©) — (r/R)Iefsin(6 — O)|Er ® Eg
+ [0z7cos( — ©) —rdz0sin(f — ©)|Er @ Ez
+ [Orrsin(@ — ©) + rdrbcos(§ — ©)|Eg ® Eg
+[(1/R)orsin(f — ©) + (r/R)De 0 cos(6 — O)|Eg @ Eg
+ [0z7sin(@ — ©) +rdz0cos(6 — O)|Ee @ Ey
+[0r2)E; ® Ep + [(1/R)902|E; ® Eo + [072E; ® E. (A.30)
Similarly, expressing F' entirely with respect to natural spatial bases,
F=042"9,® (g;'9") = [0a2" ;' |9. @ ¢
= [Orrcos(f —©) + (1/R)Dersin(f — O)]g, ® g"
+ [OrB cos(0 —©) + (1/R)Debsin(d — ©)]gy @ g"
+ [Opzcos(0 —©) + (1/R)Dg zsin(f — O)]g. ® g"
+ [~rdgrsin(d — ©) + (r/R)dor cos(d — O)g, © g’
+ [—rOpfsin(d — ©) + (r/R)def cos(f — ©)]gy @ g’
+ [~rdrzsin(d — ©) + (r/R)do 2z cos(d — O)]g. © g’
+ [0z7]g, @ g + (02090 ® g° + [022]g. ® g°. (A31)
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4 J. D. Clayton: Defects in nonlinear elastic crystals

In spatial physical components,
F=F.e ®e,
= [Orrcos(f —O) + (1/R)0ersin(f — O)le, ® e,
+ [rOrfcos(d — ©) + (r/R)De0sin(d — O)ley @ e,
+ [Orzcos(0 — O) + (1/R)do zsin(d — O)]e, R e,
+ [-Orrsin(d — ©) + (1/R)Jor cos(f — O)le, ® ey
+ [—rOrfsin(d — ©) + (r/R)Je b cos(0 — O)]ey ® ey
+ [-Orzsin(d — O) + (1/R)0o z cos(0 — O)]e. ® ey
+[0zr]e, ® e, + [rdz0]lep R e, + [0z2]e. R e,.

(A.32)

Letting F — FT, (A.29) becomes an example of the plastic deformation gradient referred to coincident curvilinear coor-
dinate frames in reference and intermediate configurations, as used in [14, 15, 18, 75]. With F' — F", (A.31) becomes an

example of coincident curvilinear systems in current and intermediate configurations, as in [14, 15].
In cylindrical coordinates, inverse deformation X = X () is of the form

R=R(r,0,z), 0 =0(r0,2z), Z =Z(r6,z).
Referred to natural bases {G 4, g° }, the inverse deformation gradient is
F'=9,X®g" =0,X"Giog"=F '1G,1®g"
=0,RGr®g +WRGr®g' +0.RGr® g’
+0,0Go®g +H0OGo g’ +0.0 Go @ g°
+0,2G, 09 +HZGr 29" +0.ZGr 29"
The inverse of the Jacobian determinant J ! = 1/.J is
J7 = dV/dv = det[F~'4]\/G /g = det[d, X*] det[¢4] = det[d, X*|(R/7).
In orthonormal bases { E4, e, }, two-point inverse deformation gradient is
F'=F  Eice,
=0, REp®e . +(1/r)OyREp®ey+0.REr e,
+ R0,0© Eg ® e, + (R/r)0y© Eg ® €y + R0.0 Eg ® e,
+0,ZE; e, +(1/r)WZ E; ey +0,Z Ez Qe,,
with inverse Jacobian determinant
J7 =det]| (AH>]
A spatial displacement field in physical cylindrical coordinates can be constructed using the shifter:
u=x—X =rg, +29. — RGr — ZG; =rg, — Rgpg. + (2 — Z2)G,
= [r — Rcos(f — O)le, + [Rsin(d — O)ley + [z — Z]e. = u,e, + wpey + u.e..

The divergence of a second-order tensor field A(x) = A<ab>ea ® ey, 1s, in physical cylindrical coordinates [65],

V-A=[1/r)0,(rA.)+ (1/r)0pAs, + 0. A., — (1/1)Apg]e,
+ [(1/7‘)87. (’I“A,-g) + (1/T)89A90 +0.A.9 + (1/7“)149,-]69
+ [(1/r)0, (rA.) + (1/r)0p Ap. + 0. A..]e.

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)
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Appendix B: spherical coordinates
Reference spherical coordinates { X} are
(X', X* X% = (R,0,). (B.1)
Let X denote the position vector measured from a fixed origin:
X(R,0,9) = RGr(0, ). (B.2)
Natural basis vectors are
Gy =04X; Gr(0,2) =0 X, Go(R,0,0)=00X, Gs(R,0,0)=0sX. (B.3)
The metric tensor with components G4p = G4 - Gp and its inverse are
1 0 0 1 0 0
[Gapl= |0 RZ 0 , G*P1=10 1/R? 0 (B.4)
0 0 R’sin’@ 0 0 1/(R*sin’0@)
Contravariant basis vectors are
G'=6'""Gp; G =GR, G°=(1/R>)Go, G®=I[1/(R*sin’0)|Gs. (B.5)
Physical (dimensionless unit) basis vectors are
E)=G4/\/Gis; Er =Gr, Eo=(1/R)Go, E; =[1/(Rsin®)|Gy. (B.6)

Since spherical coordinates are orthogonal (E, = E*), there is no need to distinguish between contravariant and covariant

physical components. Spherical coordinates are related to Cartesian coordinates as follows:

X =RsinOcos®, Y =RsinOsin®, Z=RcosO; X =XExy +YEy+ZEy;

Er =sinOcos®FEx +sinOsin®FEy + cosOE,,
Eo = cosOcosPEyx +cosOsinPEy —sinOFE,,
Ey = —sin®FEyx + cos®FEy .
Spatial spherical coordinate chart {z*} has coordinates
(xl ) x27 1‘3) = (r7 07 ¢)'
Let « denote the position vector measured from a fixed origin:
m(r7 0’ ¢) = ’r‘gr (97 (?b)'
Natural basis vectors are
gdo = O x; gr(97¢) =0z, gg(?",@,qﬁ) = Oy, gé(rvgvd)) = 3@:13.

The metric tensor with components g,;, = g, - g, and its inverse are

10 0 1 0 0
(9] = |0 72 0 |, =10 1/ 0
0 0 r’sin’¢ 0 0 1/(r’sin’¢)

Contravariant basis vectors are

9" =9"g; g =g, g =01/r")gs, g°=1[1/(r"sin’0)]g,.

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)
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6 J. D. Clayton: Defects in nonlinear elastic crystals

Physical basis vectors are

€ =9a/vV9aa; e =g, ey=(1/r)gs, e;=1[1/(rsinb)]gs.
Spherical coordinates are related to Cartesian coordinates as

xr=rsinfcos¢p, y=rsinfsing, z=rcost; T =re, +ye, + ze;

e, = sinf cos ¢e, + sinfsin pe, + cosbe.,

ey = cos B cos e, + cosOsin pe, —sinfbe.,

ey = —sin ge, + cos ge, .

Using (A.17), the matrix of shifter components g5 (1,0, ¢; R, ©, ®) is

9r 96 9q
g |0
gal = 91? do gq; )

gn 95 94

g = sinfsin O cos(¢p — P) + cos f cos O,

g6 = R[sin 0 cos © cos(¢p — ®) — cos §sin O],

g = Rsinfsin Osin(¢ — ®),

g% = (1/7)[cos #sin © cos(¢ — @) — sin 6 cos O],
g% = (R/7)[cos 6 cos © cos(¢ — @) + sin §sin O],
gg = (R/r) cosfsin Osin(¢p — D),

g = —[5in ©/(rsin )] sin(s — )

g6 = ~[(Rcos ©)/(r sin )] sin(o — @),

g = [(Rsin©)/(rsin )] cos(6 — @).

Letting G = det[G 1] = R* sin? © and g = det [gap] = r* sin” 6, determinants obey

det[g4] = /G/g = R*sin©/(r’ sinf), det[g”] = \/g/G = r’sin0/(R*sin O).

In spherical coordinates, deformation = a(X) is of the form
r=r(R,0,P), 0 =6(R,0,®), o= ¢(R,0,D).
Referred to natural bases {g,, G* }, the deformation gradient is
F=0.2®G" =029, ® G* = F'g, ® G*
=0rr gr ®G" + 057 g, © G° + 0y g, ® G*
+0r0 gy @ G + 050 gy ® G° + 050 gy © G*
+0r0 9, ® G+ 000 9y © G + 056 9, ® G”.

Referential and deformed volume elements

dV = VGdX'dX?dX® = R?sin ©dRdOd®, dv = /gdz'dz’dz® = r? sin drdfde

are related through the Jacobian determinant

J =dv/dV = det[F%]\/g/G = det[d,2"] det[g”] = det[D42][r* sin O/ (R’ sin O©))].

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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(B.15)

(B.16)

(B.17)

(B.18)
(B.19)
(B.20)
(B.21)
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(B.24)
(B.25)
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(B.29)
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Using (B.5), (B.6), and (B.14) to convert natural basis vectors to spherical orthonormal bases {e,, E 4}, the two-point
deformation gradient in physical components is

F=F,1e,®E\
=0rr e, ® Ep 4+ (1/R)0gr €, ® Eg + [1/(Rsin0)]0sr €, @ Eg
+70r0 €9 @ Ep + (r/R)000 €y @ Eg + [r/(Rsin©)]0s0 ey @ Eg
+rsinfdorp ey @ Ep + (r/R)sinf0o ¢ ey @ Eg + [rsinf/(Rsin©)]0s¢ e, @ Eg. (B.32)
Inverse deformation X = X () is of the form, in spherical coordinates,
R = R(r,0,¢), © =0(r,0,0), O =d(r,0,0). (B.33)
Referred to natural bases {G 4, g° }, the inverse deformation gradient is
Fl=0,X0g" =0,X"Gyog" =F 1G,2g"
=,RGr®g +%RGr2g" +0,RGr®g’
+0,0Go®g +90 Go®g’ +9,0 Go @ g°
+0,2Go®g +0PGo g’ +0,2 Go ®g°. (B.34)
The inverse of the Jacobian determinant J ! = 1/.J is
J~ = dV/dv = det[F~'4]\/G /g = det[d, X*][R? sin ©/ (r* sin ). (B.35)
With respect to orthonormal bases {e,, E4 }, the inverse deformation gradient is
F'=F,,Ei0e,
=0, REr®e, +(1/r)yR Ep ®ey+[1/(rsinf)|0,R Er ® e,
+ R0O,© Eg ® e, + (R/T)0O Eg ® ey + [R/(rsind)]|0;0 Eg @ e,
+ Rsin©9,® Eg ® e, + (R/r)sin©®9® Es ® ey
+ [Rsin®/(rsinf)]0,® Es ® €. (B.36)
A spatial displacement field in physical spherical coordinates can be constructed using the shifter of (B.17):
u=x—X =rg, — RGr =rg, — Rg%g.
= [r — Rghle, + [~Rrgh)es + [~Rrsinfghle, = u e, +ugey + uses. (B.37)
The divergence of a second-order tensor field A(x) = A<,,,b)ea ® ey, in physical spherical coordinates is [65]
V-A={1/r0,(r*A.,)+ [1/(rsin )]0y (sin 0 A, )
+ [1/(rsin8)]0s Apr — (1/7)(Agy + Agys) e,
+{(1/r*)0, (r* Ayg) + [1/(7sin 0))9p (sin 6 Agy)
+[1/(rsin®)]0y Age + (1/7)(Apr — cot Ays) ten
+{(1/r%)0, (r* Ays ) + (1/7)0p (sin 0 Agy)
+ [1/(rsin)]0y Age + (1/7)(Asr + Apo) ey (B.38)

Appendix C: elastic potentials

Let F' = Vx denote the deformation gradient. Eulerian strain D and Lagrangian Green strain E, both referred to material
coordinates, are defined as [16, 28, 29, 85]

D=1(1-F'FT7), E=1(F'F-1). (C.1)
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8 J. D. Clayton: Defects in nonlinear elastic crystals

For a homogeneous material, strain energy per unit reference volume is of the form

W =W(F) = W[D(F)] = W[E(F)]. (C.2)
First Piola-Kirchhoff stress and static linear momentum balance in the absence of body force are

P =0W/0F, Vo-P=0 (Vo P =0). (C.3)

Thermodynamic conjugates to strains are symmetric stresses in material coordinates

S =0W /oD, S = 0W /OE. (C.4)
From symmetries of tensors in (C.4), the chain rule and 8F’1_‘;1 / 8F_’jB = —F’l_f FiB
_OW 9D qar g _OW OE
Pfa—D.a—FfF SF~ F | Pfa—E.a—FfFS. (C.5)

Cauchy stress then follows as [16, 28, 29, 85]
c=J 'PF'=J 'FTSF ' =J 'FSF". (C.6)

Using Greek indices to denote Voigt notation in a Cartesian frame (e.g., « = 1,2,...6), strain energies are written as
Taylor polynomials in either strain measure:

W= %éaﬂDaDﬂ + ééuﬁv DoDpDy +-- -, C7)
W = % _agE(yEﬁ + %C(yﬂq/ EaEﬂE”/ + e (CS)

Setting moduli 2W /OFOF = §2W /OFOF at the unstrained reference state, second-order elastic constants are equiva-
lent among Eulerian and Lagrangian representations:

Caﬂ = Cm"i = Cm"i- (C.9)

Setting moduli &*W /OFOFOF = 3*W /dFOFOF at the unstrained reference state, third-order elastic constants are
related as follows in Cartesian tensor notation [16]:

Criximn =Crixiun +0rxCronn +01.Crxmun + 01 Crran + 6rnCrrin
+ 0 xCromn +0 mCinkr + 050 Crxun +0inCrukr

+0xmCriiny +0xnCryim +0rmCrign +0nCrixm. (C.10)

Relations identical to (C.9) and (C.10) can also be derived using the expansion E = D + 2D? + --. and equating like
terms in W and W to third order in strain components [66, 90]. For an isotropic solid [14, 81],

Crixe = Xrj6xr + pdrxdsr + 011K ), (C.11)
Crokiyun = 91[0750K 100 N]
+ 09[077 (O ar N + dx NOLAr)
+ 0k (01 0sN + 61800 ) + 6N (615051 + 01067k )]
+ 03[61x (850N + 6yn0rar) + 650 (01 Ok N + 0180k ar)
+ 0100700k N +IyNIx )+ 0yr (Oradn + Orndnar)], (C.12)
Crikimn = 06170k 100 N]
+ 2[61.7 Ok LN + SxNOLM)
+ 0k (010 0sN + 6180y ) + 6N (615051 + 01067k )]
+ U301k (6ym 00N + 0 yn000) + 050 (Srm 0k N + 61N Ok )
+ 01 (0ymdx N +0ynOkar) + 05k (010N + 6N Orar)]- (C.13)
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These also apply pointwise in a physical components in an orthogonal system, and contravariant components can be recov-
ered for general curvilinear systems by setting 677 — G'”. Second-order constants obey the familiar relations

Cq :)\4—2/,6, Cio = A, 044:/1; V:)\/(Q)\+2/J,), KZ/\—F%/J, (C.14)
Third-order constants obey the following relations ., 3~ OF Capr):

Cii1 =vi +6vs + 813, Ciia =11 +2vs, Chog = 11,
Chrys = va, Chiss =19 + 213, Chuze = 13. (C.15)

For isotropic materials, (C.10) reduces to

lA/l = 51, 192 =1y + 2)\7 193 = 173 + 3/,(, (C16)
For hydrostatic loading (¢ = —p1, F = .J'/31), pressure derivative of tangent bulk modulus B at the reference state is
[16,42, 63]

Bj = (dB/dp)|,—0 = — % (1 + 200 + Si5) +4 = — = (0 + 20 + S1). (C.17)

Since typical crystalline solids have 2 < B < 7 [45], third-order constants CA'QM are generally smaller in magnitude
than C, 3., suggesting that series (C.7) converges faster, i.e., requires fewer higher-order terms for a given accuracy, than
(C.8). Under hydrostatic loading, stress-strain constitutive relations degenerate to the following pressure-volume equations
of state [16, 84]:

p=—0W/0J = SK(J~7/% — JO/3) 1+ 3(B) —4)(J 2% — 1)), (Eulerian) (C.18)

p=—-0W/0J=3K(J V3 —JY3[1 - 2B(J*3—1).  (Lagrangian) (C.19)

Birch-Murnaghan equation of state (C.18) is often used to accurately fit hydrostatic and shock compression data to high
pressures [11, 45], while Lagrangian equation of state (C.19) is usually deemed less accurate [45]. For an isotropic material
also obeying Cauchy’s symmetry relations [14, 87],

3

A=p=3Kev=1, (C.20)
=i =u3=—xKB]. (C.21)
Applying (C.16) with (C.20) and (C.21),
n=-9%B), 0 =-5(2B)-6), gy =-5(2B)-9). (C.22)
It is instructive to compare Eulerian D-based theory with Murnaghan’s theory [61] based on Almansi strain e:
W=Wle(F), e=i1-FTF"). (C.23)

Because e is referred to spatial coordinates and is not rotationally invariant, strain energy W is restricted to isotropic
materials, in contrast to V. Stresses are [61, 84]

c=J'FTF'S, S = oW /oe. (C.24)
Typically W is expressed as a function of three scalar invariants [38, 52, 61]:

W(I1, I, I3) = (3 + p) I} — 2uls + L(in + 6 + 803) I} — 2(0n + 2073) 1 Ir + 405 Is; (C.25)

I, = tre, I, = }[(tre)* — tr(e?)], I; = dete. (C.26)
Second-order constants A and y are identical to those already introduced. Third-order constants are usually related to

Lagrangian constants by writing W in terms of invariants of E, using algebraic relationships between these invariants and
those in (C.26) [61], and comparing coefficients of like terms in W and W, giving [38]

= +(vy + 180, + 441), Uy = 2(\ — iy — 3033), Uy = 3 + 3. (C.27)
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From (C.16) and (C.27), in general 4 # 1 and Dy # s, but 3 = 5. These differences arise because of different
truncations used to relate Eulerian to Lagrangian strain components or invariants. Note that when F (and hence F~1!) is
symmetric, D = e in a common coordinate frame, and D and e share the same invariants regardless of rotation. Therefore,
for an isotropic solid subjected to a given F', setting vy = 0y, Up = o, and 3 = D3 will produce W = W and result
in the same Cauchy stress o from (C.24) or the second of (C.6), though generally S + S. A Birch- Murnaghan equation
of state also follows, i.e., p = —OW /0J reduces to (C.18). However, because their third-order constants are not required
to be equal, in general, energy and stress predicted by Eulerian theory based on D and that based on e can differ, even
for isotropic materials, and only D-based theory can be applied to anisotropic materials, of course removing symmetry
restrictions in (C.11) and (C.12).

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.zamm-journal.org



(PDF)

(PDF)

(PDF)

42
(PDF)

DEFENSE TECHNICAL
INFORMATION CTR
DTIC OCA

DIRECTOR

US ARMY RESEARCH LAB
RDRL CIO LL

IMAL HRA MAIL & RECORDS
MGMT

GOVT PRINTG OFC
A MALHOTRA

DIR USARL
RDRLCIHC

J KNAP

L MUNDAY
RDRL WM

B FORCH

S KARNA

JMCCAULEY
RDRL WML B

| BATYREV

B RICE

D TAYLOR

N WEINGARTEN
RDRL WML H

B AYDELOTTE

C MEYER

B SCHUSTER
RDRL WMM

JBEATTY
RDRL WMM B

G GAZONAS

D HOPKINS

B LOVE

B POWERS

C RANDOW

T SANO

R WILDMAN
RDRL WMM E

JSWAB
RDRL WMM F

M TSCHOPP
RDRL WMM G

JANDZELM
RDRL WMP

S SCHOENFELD
RDRL WMP B

C HOPPEL

S SATAPATHY

M SCHEIDLER

A SOKOLOW

T WEERISOORIYA

46

RDRL WMP C
R BECKER
SBILYK
T BJERKE
D CASEM
JCLAYTON
D DANDEKAR
M GREENFIELD
R LEAVY
JLLOYD
S SEGLETES
A TONGE
C WILLIAMS
RDRL WMP D
R DONEY



